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ABSTRACT 
APPLICATION OF DDDP I N  WATER RESOURCES PLANNING 
This  i s  t h e  complet ion r e p o r t  f o r  t h e  second phase  of a r e s e a r c h  program 
on advanced methodologies  f o r  w a t e r  r e s o u r c e s  p lann ing .  I t  summarizes 
t h e  v a r i o u s  achievements accomplished d u r i n g  t h e  p e r i o d  of t h e  p r o j e c t .  
The main p o r t i o n  of t h e  r e p o r t ,  however, i s  devoted t o  t h e  p r e s e n t a t i o n  of 
a working manual f o r  use  by p r a c t i c i n g  w a t e r  r e s o u r c e s  e n g i n e e r s  and 
a n a l y s t s ,  showing t h e  a p p l i c a t i o n  of t h e  d i s c r e t e  d i f f e r e n t i a l  dynamic 
programming (DDDP) which h a s  been developed i n  t h e  p r o j e c t .  For  t h i s  
p o r t i o n  of t h e  r e p o r t ,  t h e  b r i e f  t h e o r e t i c a l  background of  t h e  DDDP 
methodology and a review of t h e  p r i n c i p a l  a s p e c t s  of i t s  t h e o r y  a r e  
i n c l u d e d .  Then, a d e t a i l e d  d e s c r i p t i o n  of t h e  DDDP methodology i s  g iven ,  
g i v i n g  emphasis t o  t h e  key s t e p s  of i t s  procedure .  The DDDP methodology 
a s  a means t o  s o l v e  a l r e a d y  fo rmula ted  dynamic programming problems i s  
proposed.  For i l l u s t r a t i v e  purposes ,  t h r e e  examples a r e  g iven  t o  show 
t h e  a p p l i c a t i o n  of t h e  DDDP methodology i n  t h e  s o l u t i o n  of o p t i m i z a t i o n  
problems a r i s i n g  from t h e  p l a n n i n g  and o p e r a t i o n  of complex w a t e r  
r e s o u r c e s  p r o j e c t s .  
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PREFACE 
This i s  the  f i n a l  r e p o r t  of t he  OWRR P r o j e c t  B-060-ILL e n t i t l e d  
"Advanced Methodologies f o r  Water Resources Planning - Phase 11," which 
is a cont inua t ion  of "Advanced Methodologies f o r  Water Resources Planning - 
Phase I" and covers a s tudy  per iod  of J u l y  1971 t o  January 1974. The f i n a l  
r e p o r t  f o r  the Phase-I s tudy  was publ ished a s  Universi ty  of I l l i n o i s  Water 
Resources Center Research Report No. 47 (UILU-WRC-71-0047) i n  November, 
19 71, and e n t i t l e d  "Methodologies f o r  Water Resources Planning: DDDP and 
MLOM(TLOM) " by Ven Te Chow, the  P r i n c i p a l  I n v e s t i g a t o r  (Publ ica t ion  Board 
No. 205750, Clearinghouse f o r  Federa l ,  S c i e n t i f i c  and Technical  Information,  
now named National  Technical Information Serv ice ,  U. S. Department of 
Commerce, Sp r ing f i e ld ,  V i rg in i a ,  22151) [Chow, 19711. 
The main ob jec t ive  of t he  Phase-I1 research  i s  t o  develop a 
genera l  a n a l y t i c a l  procedure of water  resources planning by enhancing 
and extending the  va lue  of t he  r e s u l t s  produced by Phase I of t h e  
research  program on advanced methodologies f o r  water  resources  planning. 
The o v e r a l l  ob j ec t ive  of the  e n t i r e  research  program i s  t o  i n v e s t i g a t e  
a number of advanced concepts i n  water  resources  planning which a r e  of 
b a s i c  importance b u t  have no t  been gene ra l ly  introduced i n t o  p r a c t i c e .  
Modern concept of water  resources planning is t o  formulate  water  resources 
problems a s  hydroeconomic systems and then t o  optimize the  systems by 
s t o c h a s t i c  theory and opera t ions  research  techniques. 
Phase I of t he  research  program has a l ready  produced new 
opt imiza t ion  t o o l s  f o r  planning,  inc luding  DDDP (Discre te  D i f f e r e n t i a l  
Dynamic Programming) and MLOM (Multi-Level Optimization Model). For 
purposes of t he  Phase-I1 research ,  these  t o o l s  were f u r t h e r  examined i n  
o r d e r  t o  enhance t h e i r  e f f e c t i v e n e s s  by e x t e n d i n g  them t o  t h e  p r a c t i c a l  
rea lm of w a t e r  r e s o u r c e s  p lann ing  and by app ly ing  them t o  t h e  a n a l y s i s  
of s e v e r a l  w a t e r  r e s o u r c e s  problems t o  test h y d r o l o g i c ,  economic, urban 
and o t h e r  env i ronmenta l  a s p e c t s  of t h e  problems. 
For Phase-I1  of t h e  r e s e a r c h  program, t h e  major achievements 
a r e  a s  fo l lows :  
(1)  Optimal o p e r a t i o n  of a f l o o d - c o n t r o l  r e s e r v o i r  sys tem.  
The t echn ique  of d i s c r e t e  d i f f e r e n t i a l  dynamic p r o g r a m i n g  t h a t  was 
developed i n  t h e  Phase-I  r e s e a r c h  was a p p l i e d  s u c c e s s f u l l y  t o  an a c t u a l  
problem. The t echn ique  i s  a p p l i e d  t o  t h e  o p e r a t i o n  of a system of t h r e e  
f l o o d  c o n t r o l  r e s e r v o i r s  (Huntington,  Salamonie,  and Miss is inewa)  l o c a t e d  
i n  t h e  Upper Wabash River  b a s i n  i n  Ind iana .  This  sys tem of r e s e r v o i r s  i s  
developed mainly f o r  f l o o d  c o n t r o l ,  a l though  s e a s o n a l  p o o l s  a r e  s p e c i f i e d  
by t h e  U. S. Army Corps of Engineers  f o r  r e c r e a t i o n ,  f i s h  and w i l d l i f e .  
The o b j e c t i v e  of t h i s  s t u d y  i s  t o  determine a set of sys tem o p e r a t i n g  
r u l e s  which minimize annua l  f l o o d  damage under t h e  assumption t h a t  t h e  
s e a s o n a l  p o o l  requ i rements  a r e  s y s  t e m  c o n s t r a i n t s .  F i r s t  , a f l o o d  r o u t i n g  
model w a s  developed f o r  t h e  r e s e r v o i r  system. Then, t h e  DDDP techn ique  
is  used t o  de te rmine  t h e  op t imal  o p e r a t i o n .  It i s  i n t e r e s t i n g  t o  f i n d  
t h a t  t h e  e s t i m a t e d  n a t u r a l  f l o o d  damage f o r  t h e  y e a r  1969 would b e  
$520,288. By a c t u a l  r e g u l a t i o n  of t h e  r e s e r v o i r s  by t h e  Corps of 
Engineers ,  t h e  damage i s  reduced t o  $239,708. With o p t i m i z a t i o n  by 
DDDP, t h e  damage cou ld  b e  f u r t h e r  reduced t o  $184,746 b u t  i t  i s  very  
c l o s e  t o  t h e  damage reduced by a c t u a l  r e g u l a t i o n .  F i n a l l y ,  an opera- 
t i n g  model i s  fo rmula ted  by m u l t i p l e  r e g r e s s i o n .  Use of t h i s  o p e r a t i n g  
model y i e l d s  a damage of $190,337, hav ing  a d i f f e r e n c e  of on ly  3.03% 
from t h e  d i r e c t  o p t i m i z a t i o n .  Th is  p r o v e s ,  f o r  t h i s  example, t h a t  t h e  
DDDP techn ique  can b e  a v e r y  u s e f u l  t o o l  t o  develop an o p e r a t i n g  r u l e  
f o r m u l a t i o n  f o r  t h e  problem of  p r o j e c t  expans ion ,  t h e  proposed methodology 
r e q u i r e s  t h a t  each  s p e c i f i c  f l o o d  c o n t r o l  p l a n n i n g  problem b e  d e a l t  w i t h  
i n d i v i d u a l l y .  Thus, t h e  proposed methodology must b e  cons idered  as a 
g e n e r a l  g u i d e l i n e  t o  a r r i v e  a t  optimum f l o o d  c o n t r o l  p l a n s  i n  a s p e c i f i c  
p l a n n i n g  s i t u a t i o n .  Th is  i s  demonstra ted through i t s  a p p l i c a t i o n  t o  an 
a c t u a l  r i v e r  b a s i n  i n  I l l i n o i s  (Embarras R i v e r ) ,  us ing  t h e  t echn ique  of 
d i s c r e t e  d i f f e r e n t i a l  dynamic programming developed i n  t h i s  p r o j e c t  t o  
d e a l  w i t h  t h e  computa t iona l  complexi ty  invo lved  i n  t h e  dynamic programming 
a n a l y s i s  f o r  t h e  s e q u e n t i a l  expansion of t h e  s t r u c t u r a l  components of t h e  
f l o o d  c o n t r o l  p r o j e c t  f o r  t h e  a c t u a l  r i v e r  b a s i n .  
Th i s  s t u d y  is  r e p o r t e d  i n  d e t a i l  i n  a d o c t o r a l  t h e s i s  by 
G. Cor tes-Rivera  [ s e e  (h)  i n  i t e m  ( 5 ) ,  o r  Cortes-Rivera,  19731. 
(4)  Optimal p lann ing  o f  a w a t e r  q u a l i t y  system. This  s t u d y  
i s  t o  develop a methodology f o r  t h e  o p t i m a l  p l a n n i n g  of a w a t e r  q u a l i t y  
management sys tem i n  a r i v e r  b a s i n  where m u l t i p l e  s o u r c e s  of was tewate r  
a r e  i n t e r a c t i n g  i n  t h e  r e c e i v i n g  w a t e r .  The op t imal  sys tem i s  d e f i n e d  a s  
a l e a s t - c o s t  combination of wa te r  q u a l i t y  management a l t e r n a t i v e s  which 
i f  implemented w i l l  i n s u r e  meet ing t h e  s p e c i f i e d  w a t e r  q u a l i t y  s t a n d a r d s .  
The o p t i m i z a t i o n  of t h e  sys tem can b e  a t t a i n e d  by app ly ing  programming 
techn ique  such as t h e  DDDP mentioned above. To demonstra te  t h e  p r a c t i c a l  
a p p l i c a t i o n  of t h e  sys tem o p t i m i z a t i o n  t echn ique ,  S a l t  Fork of Vermilion 
River  l o c a t e d  i n  e a s t e r n  I l l i n o i s  i s  s e l e c t e d  f o r  a n a l y s i s .  This  r i v e r  
b a s i n  i s  chosen because  of i t s  adequa te  s i z e ,  r e a s o n a b l y  wel l -kept  
r e c o r d s  and convenient  l o c a t i o n .  Data from w a s t e  t r e a t m e n t  p l a n t s  i n  t h e  
b a s i n  c o l l e c t e d  from t h e  Champaign County S a n i t a r y  D i s t r i c t  a r e  ana lyzed .  
To p r o p e r l y  model t h e  p r o b a b i l i s t i c  c h a r a c t e r i s t i c  of t h e  w a t e r  q u a l i t y  
sys tem,  i t  i s  n e c e s s a r y  t o  b a s e  t h e  a n a l y s i s  on s h o r t - i n t e r v a l ,  such  as 
d a i l y ,  measurement of v a r i a b l e s .  Data frorn o t h e r  b a s i n s  a r e  a l s o  b e i n g  
c o l l e c t e d  and analyzed t o  supplement miss ing  d a t a  i n  t h e  chosen b a s i n .  
Dai ly  r e c o r d s  of f low r a t e  and q u a l i t y  pa ramete rs  of b o t h  was tewate r  and 
r e c e i v i n g  w a t e r  a r e  s t u d i e d  by p r o b a b i l i s t i c  a n a l y s i s .  The p r o b a b i l i s t i c  
a n a l y s i s  p r o v i d e s  a  mathemat ica l  model f o r  w a t e r  q u a l i t y  v a r i a b l e s  f o r  
which h i s t o r i c a l  r e c o r d s  a r e  a v a i l a b l e .  It a l s o  g i v e s  a  b a s i s  f o r  con- 
f i d e n t l y  e s t i m a t i n g  v a r i a b l e s  when h i s t o r i c a l  r e c o r d s  a r e  incomplete  o r  
miss ing .  It i s  found t h a t  i n  some c a s e s  was tes  a s s o c i a t e d  w i t h  n a t u r a l  
wa te r shed  f low,  a g r i c u l t u r a l  runoff  and s to rm w a t e r  may c o n t r i b u t e  
s i g n i f i c a n t l y  t o  t h e  d e t e r i o r a t i o n  of s t r e a m  w a t e r  q u a l i t y .  Some e f f o r t s  
a r e  t h e r e f o r e  made t o  c o l l e c t  i n f o r m a t i o n  i n  t h i s  r e s p e c t  which i s  n o t  
g e n e r a l l y  a v a i l a b l e  and d i f f i c u l t  t o  f i n d .  This  s t u d y  i s  b e i n g  completed 
and w i l l  b e  r e p o r t e d  i n  a  d o c t o r a l  t h e s i s  by C. L. Yin d u r i n g  t h e  s p r i n g  
s e m e s t e r  of 1974. 
(5) P u b l i c a t i o n s ,  t h e s e s  and c o n s u l t a t i o n .  One paper  r e p o r t i n g  
o p t i m a l  o p e r a t i o n  of w a t e r  r e s o u r c e s  systems was p r e s e n t e d  a t  t h e  
I n t e r n a t i o n a l  Symposium on Mathematical  Models i n  Hydrology i n  Warsaw, 
Poland,  and i s  p u b l i s h e d  i n  t h e  Symposium Proceedings .  One r e p o r t  on 
DDDP and MLOM i s  p u b l i s h e d  a s  a  LTniversity of I l l i n o i s  Water Resources 
Center Research Report .  One paper  on farm i r r i g a t i o n  model i s  p u b l i s h e d  
i n  t h e  American S o c i e t y  of C i v i l  Engineers  Proceed ings ,  and a n o t h e r  paper  
on m u l t i - r e s e r v o i r  o p t i m i z a t i o n  model has  been submi t t ed  f o r  p u b l i c a t i o n  
i n  t h e  ASCE Proceedings .  
Two d o c t o r a l  t h e s e s  were completed. A t h i r d  d o c t o r a l  s t u d y  was 
f i n i s h e d  and i t s  t h e s i s  w i l l  b e  submi t t ed  dur ing  t h e  s p r i n g  semes te r  of 
1974. 
of t h e  r e s e r v o i r  system. 
This  s t u d y  i s  r e p o r t e d  i n  a  d o c t o r a l  t h e s i s  by J. E. S c h a u f e l b e r g e r  
[ s e e  (g)  i n  i t e m  (5 ) ,  o r  S h a u f e l b e r g e r ,  19711 on page 8. 
( 2 )  Development of a  m u l t i - r e s e r v o i r  o p t i m i z a t i o n  model. I n  
t h i s  s t u d y ,  t h e  a n a l y s i s  o f  r i v e r  b a s i n  developments i s  viewed a s  a  m u l t i -  
l e v e l  o p t i m i z a t i o n  problem. For t h e  a n a l y s i s ,  mixed i n t e g e r  programming 
i s  coupled w i t h  h i s t o r i c a l  o r  s t o c h a s t i c a l l y  g e n e r a t e d ,  s treamflow sequences  
t o  d e r i v e  t h e  o p t i m a l  d e s i g n  f o r  a  complex r i v e r  b a s i n  development. I n  
f o r m u l a t i n g  t h e  model, emphasis i s  p l a c e d  on t h e  i n t e r r e l a t i o n s h i p s  which 
e x i s t  between t h e  v a r i o u s  components of t h e  sys tem and t h e  c o o r d i n a t i o n  and 
i n t e g r a t i o n  o f  t h e s e  components i n t o  a  s i n g l e  economic u n i t .  The proposed 
model i s  des igned  t o  de te rmine  s imul taneous ly  t h e  o p t i m a l  s e t  and s i z e s  of 
r e s e r v o i r s  i n  t h e  sys tem,  t h e  o p t i m a l  t a r g e t  o u t p u t s  f o r  t h e  t a n g i b l e  w a t e r  
u s e s ,  power and i r r i g a t i o n ,  and t h e  o p t i m a l  o p e r a t i n g  p rocedure  f o r  a t t a i n i n g  
t h e s e  o u t p u t s  s u b j e c t  t o  t h e  t e c h n o l o g i c a l  c o n s t r a i n t s .  I n t a n g i b l e  w a t e r  
u s e r s ,  such a s  r e c r e a t i o n  and w a t e r  q u a l i t y  c o n t r o l ,  a r e  t r e a t e d  a s  o p t i o n a l  
c o n s t r a i n t s  and t h e i r  2mputed v a l u e s  a r e  o b t a i n e d  by a  m u l t i p l e  s o l u t i o n  
technique.  P a r t  of t h e  i n p u t  t o  t h i s  model i s  prov ided  by t h e  i r r i g a t i o n  
sub-model developed i n  Phase I of t h i s  r e s e a r c h  program where e f f o r t  h a s  
been made t o  op t imize  i n  two l e v e l s  of i r r i g a t i o n  subsystems. Th is  con- 
t i n u i n g  s t u d y  i s  an  e x t e n s i o n  of t h e  two-level  model (TLOM) and t h e  model 
(MLOM) s o  developed f o r  a  m u l t i - r e s e r v o i r  sys tem may t h e r e f o r e  b e  conceived 
a s  a  h i g h e r  l e v e l  of sys tem o p t i m i z a t i o n .  The o b j e c t i v e  h e r e  i s  t o  
determine t h e  o p t i m a l  l e v e l  of development of a  r i v e r  b a s i n  sys tem which 
i n v o l v e s  a  number of p o t e n t i a l  dam s i t e s  and s e v e r a l  competing w a t e r  u s e r s .  
A t  t h i s  l e v e l  of o p t i m i z a t i o n  i t  is  assumed t h a t  t h e  demand and b e n e f i t  
r e l a t i o n s h i p s  f o r  t h e  v a r i o u s  purposes  have a l r e a d y  been determined a t  a  
lower l e v e l  of o p t i m i z a t i o n .  
This  s t u d y  i s  r e p o r t e d  i n  a paper  by Windsor and Chow [ s e e  ( e )  
and ( f )  i n  i t e m  (5 ) ,  o r  Windsor and Chow, i.972, 19731 on page 8. 
(3)  A p p l i c a t i o n  of sys tems modeling t o  f l o o d  c o n t r o l  p lann ing .  
For t h e  s t u d y  of t h e  mathemat ical  modeling and o p t i m i z a t i o n  of w a t e r  
r e s o u r c e s  p r o j e c t  expans ion ,  a methodology i s  developed f o r  p lann ing  f l o o d  
c o n t r o l  p r o j e c t s  which a r e  composed of s t r u c t u r a l  a s  w e l l  a s  n o n - s t r u c t u r a l  
e lements .  Th i s  methodology i s  based  on mathemat ical  programming techn iques  
t h a t  a l low t h e  i d e n t i f i c a t i o n  of o p t i m a l  f l o o d  c o n t r o l  p l a n s  o v e r  t h e  
p l a n n i n g  p e r i o d .  I n  p a r t i c u l a r ,  a l i n e a r  p r o g r a m i n g  f o r m u l a t i o n  i s  de- 
veloped f o r  t h e  problem of f i n d i n g  t h e  optimum e x t e n t  t o  which n o n - s t r u c t u r a l  
measures s h o u l d  b e  a p p l i e d ,  and an  a l g o r i t h m  based on dynamic programming i s  
u t i l i z e d  f o r  t h e  a n a l y s i s  of t h e  optimum expansion o f  t h e  s t r u c t u r a l  com- 
ponents  o f  t h e  f l o o d  c o n t r o l  p r o j e c t .  The optimum f l o o d  c o n t r o l  p l a n  i s  
o b t a i n e d  from t h e  r e s u l t s  of t h e  l i n e a r  and dynamic programming a l g o r i t h m s .  
These, i n  t u r n ,  i n c o r p o r a t e  f lood-hydrology i n f o r m a t i o n  r e s u l t i n g  from 
r e g i o n a l  f  lood-frequency a n a l y s i s .  I n  g e n e r a l ,  i n v e s t i g a t i o n s  on p r o j e c t -  ' 
expansion problems i n  w a t e r  r e s o u r c e s  p l a n n i n g  have been mos t ly  concen- 
t r a t e d  on p l a n n i n g  w a t e r  supp ly  and wastewater  t r e a t m e n t  p l a n t s .  Con- 
s i d e r i n g  t h e  f l o o d  c o n t r o l  p l a n n i n g  p r o c e s s  a s  a  problem of  p r o j e c t  
expansion i s  a c o n t r i b u t i o n  t o  such an i n v e s t i g a t i o n  i n  g e n e r a l ,  and t o  
t h e  s t u d y  o f  n o n - s t r u c t u r a l  a l t e r n a t i v e s ,  i n  p a r t i c u l a r .  The proposed 
methodology f o r  t h e  f i rs t  t ime i n t r o d u c e s  t h e  use  of mathemat ica l  
programming techn iques  t o  t h e  s o l u t i o n  of f l o o d  c o n t r o l  p l a n n i n g  f o r  
f i n d i n g  t h e  optimum combination of s t r u c t u r a l  and n o n - s t r u c t u r a l  a l t e r -  
n a t i v e s .  I n  f a c t ,  t h e  p l a n n i n g  methodology developed i n  t h i s  s t u d y  can 
be  fol lowed i n  any s i t u a t i o n  where comprehensive f l o o d  c o n t r o l  p l a n n i n g  
i s  d e s i r e d  o r  r e q u i r e d .  I n  t h i s  s e n s e ,  i t  i s  a  methodology of  g e n e r a l  
a p p l i c a b i l i t y  . However, i n s o f a r  as i t  i n c o r p o r a t e s  a dynamic p r o g r a m i n g  
S e v e r a l  meet ings  d i s c u s s i n g  problems of t h e  r e s e a r c h  were h e l d  
w i t h  o u t s i d e  c o n s u l t a n t s  and e x p e r t s  i n c l u d i n g :  D r .  Wal ter  0 .  Wunderlich 
and D r .  L. N .  Fan, Systems Engineers ,  Tennessee Val ley  A u t h o r i t y ;  Ing.  Milan 
Andj e l i E ,  I n s t i t u t e  of Automation and Telecommunication, Be lgrade ,  Yugoslavia ;  
Ing .  Vladimir  P e t r o v i E ,  T e c h n i c a l  D i r e c t o r ,  Morava River  Corpora t ion ,  Republ ic  
of S e r b i a ,  Be lgrade ,  Yugoslavia ;  D r .  J. L. Sera f im,  P r e s i d e n t - D i r e c t o r ,  COBA, 
Lisbon, P o r t u g a l ;  and D r .  Warren A. H a l l ,  t h e n  P r o f e s s o r  of C i v i l  Eng ineer ing ,  
U n i v e r s i t y  of C a l i f o r n i a ,  R i v e r s i d e ,  C a l i f o r n i a ,  and now D i r e c t o r ,  U.S. 
Water Resources Research Cente r .  
The f o l l o w i n g  i s  a  l i s t  of p u b l i c a t i o n s  and t h e s e s  produced i n  
t h e  Phase-I1 r e s e a r c h  o f  t h e  p r o j e c t :  
( a )  Chow, V. T. ,  "General  Report  on Optimal Opera t ion  of Water 
Resources Sys tem , I t  P r o c e e d i n g s ,  I n t e r n a t i o n a l  Symposium on 
Mathemat ical  Models i n  Hydrology, Warsaw, Poland,  26-31 
J u l y  1971, S e p a r a t e  Volume, pp. 1-9, J u l y  1971. 
(b) Chow, V. T., "Methodologies f o r  Water Resources P lann ing :  
DDDP and MLOM(TLOM) , I '  Water Resources Cen te r ,  Research 
Repor t  No. 47, UILU-WRC-71-0047, LTniversity o f  I l l i n o i s ,  
Urbana, I l l i n o i s ,  50 p . ,  November 1971. 
( c )  Windsor, J. S . ,  and V. T. Chow, "Model f o r  Farm I r r i g a t i o n  
i n  Humid Areas," JournaZ of t h e  I r r i g a t i o n  a n d  Drainage 
Div i s ion ,  Proceedings ,  American S o c i e t y  of C i v i l  Eng ineers ,  
Vol. 97,  No. IR3, pp. 369-385, September 1971. 
(d)  Windsor, J. S . ,  and V. T. Chow, "Model f o r  Farm I r r i g a t i o n  
i n  Humid Areas, ' '  T r a n s a c t i o n s ,  American S o c i e t y  of C i v i l  
Eng ineers ,  Vol. 137,  pp. 687-688, 1972. 
(e )  Windsor, J. S. , and V. T. Chow, " ~ u l t i r e s e r v o i r  Opt imizat ion 
Model," J o u r n a l  of t h e  Hgdraul ics  Divis ion,  Proceed ings ,  
American Soc i e ty  of C i v i l  Engineers ,  Vol. 98,  No. HY10, 
pp.  1827-1845, October,  1972. 
( f )  Windsor, J. S. ,and V. T. Chow, "Mul t i r e s e rvo i r  Opt imiza t ion  
Model," T ransac t i ons ,  American Soc i e ty  of C i v i l  Engineers ,  
Vol. 138, pp. 532-533, 1973. 
(g) Schau fe lbe rge r ,  J. E., "A Systems Approach t o  t h e  Operat ion 
of Flood Cont ro l  Reservo i r s  ," Ph. D. Thes i s ,  Un ive r s i t y  of 
I l l i n o i s  a t  Urbana-Champaign, Urbana, I l l i n o i s ,  1971. 
(h) Cortes-Rivera ,  G . ,  "Flood Cont ro l  P r o j e c t  Planning by 
Mathematical  Programming: A Pro ject-Expansion ~ p p r o a c h  , I f  
Ph. D. T h e s i s ,  Un ive r s i t y  of I l l i n o i s  a t  Urbana-Champaign, 
Urbana, I l l i n o i s ,  19 73. 
(6)  App l i c a t i on  of r e s ea r ch  r e s u l t s .  This r e s ea r ch  p r o j e c t  dea l s  
mainly w i t h  t h e  p r a c t i c a l  a p p l i c a t i o n  of t h e  methodologies developed i n  t h e  
p r o j e c t .  The DDDP technique was a p p l i e d  ve ry  s u c c e s s f u l l y  t o  a U. S. Army 
Corps of ~ n g i n e e r s '  p r o j e c t  on t h e  ope ra t i on  of t h r e e  r e s e r v o i r s  (Huntington, 
Salamonie and Missis inewa)  of t h e  Upper Wabash River .  Both DDDP and MLOM 
were a p p l i e d ,  a s  c l a s s  ass ignments  a t  t h e  Un ive r s i t y  of I l l i n o i s ,  t o  t h e  
L inco ln  Lake p r o j e c t  on t h e  Embarrass River  n e a r  Char les ton ,  I l l i n o i s  which 
is  a l s o  a Corps of Engineers '  p r o j e c t  t h a t  has  caused a g r e a t  d e a l  of l o c a l  
concern.  
The DDDP and MLOM techniques  have been used by t h e  Texas Water 
Development Board. Regarding t h i s  a p p l i c a t i o n ,  t h e  fo l l owing  a r e  e x c e r p t s  
from a l e t t e r  da t ed  February 2 ,  1972, from M r .  Arden 0. Weiss,  former 
D i r e c t o r  of Systems Engineer ing Div i s ion  of TWDB: 
"The work d e s c r i b e d  i n  t h e  O f f i c e  of Water Resources Research 
complet ion r e p o r t ,  e n t i t l e d  "Methodologies f o r  Water Resources 
P lann ing  : DDDP and MLOM(TL0M) , I t  and p e r s o n a l  i n t e r a c t i o n s  
dur ing  t h e  e v o l u t i o n  o f  t h e  s u b j e c t  r e p o r t  were most b e n e f i c i a l  
t o  m e  and t h e  o t h e r  Systems Engineer ing s t a f f  o f  t h e  Texas Water 
Development Board. This  was e s p e c i a l l y  t r u e  a s  we were formu- 
l a t i n g  and implementing s o l u t i o n  methodologies  f o r  a n a l y z i n g  t h e  
dynamic i n t e r a c t i o n  response  o f  t h e  s e m i a r i d  i r r i g a t e d  fa rms tead  
w i t h  t h e  i r r i g a t i o n  s u r f a c e  supp ly  s y s  tem. 
"In  t h i s  r e g a r d ,  t h e  DDDP concep ts  a r e  p r o v i d i n g  t h e  Texas Water 
Development Board (and o t h e r s  a s  knowledge of t h e  t echn ique  
s p r e a d s )  w i t h  t h e  c a p a b i l i t y  t o  pursue  and s o l v e  problems normal ly  
thought  t o  b e  o u t s i d e  t h e  computa t iona l  c a p a b i l i t y  of dynamic 
programming techn iques .  Of p a r t i c u l a r  m e r i t  i s  DDDP'S a p p l i -  
c a b i l i t y  t o  (1 )  o p t i m i z i n g  o p e r a t i n g  r u l e s  f o r  l a r g e  sys tems of 
r e s e r v o i r s  a s  i n  t h e  proposed Texas Water System on an  aggrega ted  
basin-by-basin b a s i s ,  and (2 )  o p t i m i z i n g  a s i n g l e  r e s e r v o i r ' s  
o p e r a t i n g  r u l e s  a t  s t o r a g e  and purpose  segmenta t ion  d e t a i l  which 
p r e v i o u s l y  h a s  n o t  been p o s s i b l e .  
"Also,  t h e  MLOM concep ts  and p rocedures  were used by t h e  Systems 
Engineer ing  s t a f f  a s  a p o i n t  of d e p a r t u r e  i n  deve lop ing  s i m i l a r  
m u l t i l e v e l  o p t i m i z a t i o n  procedures .  The p rocedures  be ing  
developed . . . are a p p l i c a b l e  t o  d i r e c t  i n t e r f a c e  w i t h  t h e  SIM 
s e r i e s  o f  models a l s o  b e i n g  developed by t h e  Texas Water Development 
Board w i t h  p a r t i a l  f i n a n c i a l  s u p p o r t  of t h e  O f f i c e  of Water Resources 
Research.  " 
Also  of i n t e r e s t  i s  t h e  a p p l i c a t i o n  of DDDP by t h e  Tennessee Val ley  
A u t h o r i t y  t o  t h e  o p e r a t i o n  of t h e  TVA r e s e r v o i r  system. The o p t i m a l  opera- 
t i o n  of a s i x - r e s e r v o i r  subsystem of t h e  TVA was s o l v e d  by t h e  use  of DDDP. 
The i n t e r e s t  i n  t h e  a p p l i c a t i o n  of DDDP and MLOM h a s  been developed 
i n  o t h e r  c o u n t r i e s .  For example, two e n g i n e e r s  from Yugoslavia  came 
t o  Urbana i n  A p r i l  1972 t o  s t u d y  t h e s e  t echn iques  f o r  t h e i r  a p p l i c a t i o n  t o  
t h e  Morava River  b a s i n  development i n  S e r b i a .  
(7) P r e p a r a t i o n  of a working manual. Phase  I1 of  t h e  r e s e a r c h  
program was supposed t o  be  t e rmina ted  o r i g i n a l l y  i n  June  1973 b u t  i t  was 
extended t o  January  19 74 i n  o r d e r  t o  develop a working manual on t h e  a p p l i c a -  
t i o n  of t h e  d i s c r e t e  d i f f e r e n t i a l  dynamic programming f o r  use  by p r a c t i c i n g  
w a t e r  r e s o u r c e s  e n g i n e e r s ,  a n a l y s t s  and p l a n n e r s .  S i n c e  most of t h e  r e s u l t s  
o f  t h e  Phase-I1 r e s e a r c h  have been p r e s e n t e d  e l sewhere  a s  l i s t e d  i n  i t e m  (5) 
above,  t h e  working manual w i l l  c o n s t i t u e n t  t h e  major remaining p o r t i o n  o f  
t h i s  r e p o r t .  
Many persons  p a r t i c i p a t e d  i n  t h i s  p r o j e c t  and c o n t r i b u t e d  t o  t h e  
r e s e a r c h .  I n  a d d i t i o n  t o  t h e  P r i n c i p a l  I n v e s t i g a t o r ,  Ven Te Chow, t h e  
fo l lowing  r e s e a r c h  s t a f f  members were a t  v a r i o u s  t imes  invo lved  i n  t h e  
p r o j e c t :  
Gonzalo Cortes-Rivera ,  M. S. , Ph. D. , Research A s s i s t a n t  i n  C i v i l  
Eng ineer ing  
Freddy I s a m b e r t ,  B.S., Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
Dong Hee K i m ,  M.S., Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
David R. Maidment, B.S., Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
John E. S c h a u f e l b e r g e r ,  M.S., Graduate S t u d e n t ,  C i v i l  Eng ineer ing  
L a t i n o  T o r e l l i ,  M. S . ,  Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
Taylan A. U l a ,  B.S., Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
James S. Windsor, Ph.D., Research A s s o c i a t e  i n  C i v i l  Eng ineer ing  
Chang-lung Yin,  M. S. , Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
This  r e p o r t  was mainly p r e p a r e d  by V. T. Chow and G. Cortes-Rivera.  
They wish  t o  acknowledge, w i t h  g r e a t  a p p r e c i a t i o n ,  t h e  c o n t r i b u t i o n s  of o t h e r  
s t a f f  members invo lved  i n  t h e  p r o j e c t  a s  l i s t e d  above,  and a l s o  t h o s e  o f  t h e  
a u t h o r s  o f  r e f e r e n c e s  quoted i n  t h i s  r e p o r t .  
I. INTRODUCTION 
The remarkable  p r o g r e s s  i n  r e c e n t  y e a r s  i n  advanced methodologies  
f o r  w a t e r  r e s o u r c e s  p l a n n i n g  and development h a s  been made p o s s i b l e  mainly  
through t h e  u s e  o f  sys tems a n a l y s i s  and o p e r a t i o n s  r e s e a r c h  t echn iques  i n  
t h e  s o l u t i o n  o f  complex problems invo lved  i n  t h e  d e s i g n  and o p e r a t i o n  of 
modern w a t e r  r e s o u r c e s  p r o j e c t s .  Much o f  t h i s  p r o g r e s s  i s  t h e  outgrowth 
o f  r e s e a r c h  programs i n  u n i v e r s i t i e s  and o t h e r  r e s e a r c h  i n s t i t u t e s .  I n  f a c t ,  
a number of s u c c e s s f u l  a p p l i c a t i o n s  o f  t h e s e  t echn iques  have been achieved 
by s e v e r a l  governmental  w a t e r  p lann ing  agenc ies  and p r i v a t e  e n g i n e e r i n g  
c o n s u l t i n g  f i r m s .  J u s t  as impor tan t  as t h e  development of t h e s e  t echn iques  
i s  t h e  t r a n s f e r  o f  t h e i r  methodologies  t o  t h e  a c t u a l  p r a c t i c e  s o  a s  t o  
b e n e f i t  t h e  p lann ing  and development of w a t e r  r e s o u r c e s  p r o j e c t s .  
One of t h e  o p e r a t i o n s  r e s e a r c h  t echn iques  t h a t  a r e  found t o  b e  
a p p l i c a b l e  t o  t h e  mathemat ica l  a n a l y s i s  of w a t e r  r e s o u r c e s  systems is t h e  
dynamic programming, t h e  reason  be ing  i t s  a b i l i t y  t o  s i m u l a t e  t h e  n o n l i n e a r ,  
' 
s e q u e n t i a l - d e c i s i o n  c h a r a c t e r i s t i c  g e n e r a l l y  e x h i b i t e d  by most problems 
invo lved  i n  t h e  p l a n n i n g  and o p e r a t i o n  of wa te r  r e s o u r c e s  p r o j e c t s .  However, 
conven t iona l  dynamic programming a l g o r i t h m s  a r e  only  c a p a b l e  of h a n d l i n g  
problems of  ve ry  low d i m e n s i o n a l i t y ,  i . e . ,  a few s t a t e  v a r i a b l e s ,  t h u s  
s e v e r e l y  l i m i t i n g  t h e  u s e f u l n e s s  of t h e  dynamic programming techn ique  i n  
w a t e r  r e s o u r c e s  sys tems a n a l y s i s  which o f t e n  i n v o l v e s  many v a r i a b l e s .  To 
overcome t h e  d i f f i c u l t i e s  a r i s i n g  from t h e  h i g h  d i m e n s i o n a l i t y  of w a t e r  
r e s o u r c e s  sys tems ,  t h e  methodology of d i s c r e t e  d i f f e r e n t i a l  dynamic pro- 
gramming (DDDP) developed a t  t h e  U n i v e r s i t y  of I l l i n o i s  [ ~ e i d a r i ,  Chow 
and Mered i th ,  19711 may b e  used i n  many problems. The DDDP methodology 
i s  an i t e r a t i v e  t echn ique  which p e r m i t s  t h e  s o l u t i o n  of h igh-dimensional  
dynamic programming problems w i t h i n  t h e  range  of computer t ime and memory 
c a p a c i t i e s  of high-speed d i g i t a l  computers now a v a i l a b l e .  
This  r e p o r t  i s  prepared  t o  p r e s e n t  a d e t a i l e d  d i s c u s s i o n  of t h e  
DDDP methodology i n  a form s u i t a b l e  f o r  i t s  a p p l i c a t i o n  t o  a c t u a l  w a t e r  
r e s o u r c e s  problems by p r a c t i c i n g  e n g i n e e r s  and a n a l y s t s .  An a t t empt  i s  
made t o  b r i d g e  t h e  gap between t h e  theory  and t h e  p r a c t i c e  i n  t h e  u s e  o f  
t h e  DDDP methodology. It i s  hoped t h a t  t h e  r e p o r t  w i l l  s e r v e  as a working 
manual f o r  p r a c t i t i o n e r s .  
The r e p o r t  w i l l  summarize i n  Chapter  I1 t h e  t h e o r e t i c a l  background 
of t h e  DDDP methodology and a review of t h e  p r i n c i p a l  a s p e c t s  of i t s  t h e o r y  
which h a s  been developed and documented [ H e i d a r i ,  1970; H e i d a r i ,  Chow and 
Mered i th ,  1970; Chow, 19711. Th is  w i l l  b e  fol lowed i n  Chapter  I11 w i t h  a 
d e s c r i p t i o n  i n  d e t a i l  of t h e  DDDP methodology, g i v i n g  emphasis t o  t h e  key 
s t e p s  of i t s  procedure .  No a t t e m p t  i s  made t o  e l a b o r a t e  on t h e  f o r m u l a t i o n  
of dynamic programming problems, b u t  t h e  DDDP methodology as a means t o  
s o l v e  a l r e a d y  fo rmula ted  dynamic programming problems i s  proposed.  F i n a l l y ,  
i n  Chapter  I V Y  t h r e e  examples a r e  p rov ided  t o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of 
t h e  DDDP methodology i n  t h e  s o l u t i o n  o f  o p t i m i z a t i o n  problems a r i s i n g  from 
t h e  p l a n n i n g  and o p e r a t i o n  of complex w a t e r  r e s o u r c e s  p r o j e c t s ,  
11. THEORETICAL ASPECTS OF DDDP 
2-1. General Considerat ions.  
Discre te  d i f f e r e n t i a l  dynamic programming (DDDP) i s  a computational 
method t o  ob ta in  the  s o l u t i o n  of op t imiza t ion  problems which can be formu- 
l a t e d  i n  terms of dynamic programming (DP), r equ i r ing  reasonably smal l  
computer time and memory. DDDP i s  based on an i t e r a t i v e  technique i n  which 
the  r ecu r s ive  equat ion of dynamic programming i s  used t o  f i n d  an improved 
s o l u t i o n  by confining the  search  f o r  t h e  improved s o l u t i o n  i n  t h e  neighbor- 
hood of a t r i a l  s o l u t i o n .  Thus, DDDP takes  advantage of t h e  knowledge of a 
previous t r i a l  s o l u t i o n  t o  guide t h e  search  f o r  a new improved s o l u t i o n .  
The app l i ca t ion  of the  DDDP methodology r equ i r e s  t h a t  t he  opt i -  
mizat ion problem be formulated according t o  t he  DP methodology. Since the  
problem formulat ion i s  independent of t he  computational method used i n  
achieving i t s  s o l u t i o n ,  DDDP i s  not  an a i d  t o  t he  formulat ion of a given 
opt imizat ion problem b u t  a powerful computational t o o l  t o  ob ta in  s o l u t i o n  . 
of t he  problem. 
This s e c t i o n  b r i e f l y  descr ibes  t h e  t h e o r e t i c a l  a spec t s  of DDDP. 
Since DDDP is  based on DP, t h e  b a s i c  theory of DP w i l l  b e  f i r s t  p resented  
and then followed by a desc r ip t ion  of t he  DDDP. 
2-2. The DP. 
The DP, f i r s t  introduced by Bellman [1.957], is a methodology 
of op t imiza t ion  based on t h e  p r i n c i p l e  of op t imal i ty  t o  conceive t h e  
formulat ion of c e r t a i n  c l a s s  of opt imizat ion problems. The problems 
s u i t a b l e  f o r  DP a n a l y s i s  should allow themselves t o  be decomposed i n t o  a 
s e r i e s  of s e q u e n t i a l  problems of smal le r  magnitude, whose s o l u t i o n s  a r e  
then combined t o  ob ta in  t h e  s o l u t i o n  of t h e  e n t i r e  problem. Because of 
i t s  t h e o r e t i c a l  c h a r a c t e r i s t i c s ,  DP is a  convenient t o o l  t o  formulate  
s equen t i a l -dec i s ion  problems ; t h a t  i s ,  problems i n  which a  sequence of 
i n t e r r e l a t e d  dec i s ions  must be  determined. 
A. C h a r a c t e r i s t i c s  of DP Problems. To b e  s u i t a b l e  f o r  DP 
a n a l y s i s ,  an op t imiza t ion  problem should e x h i b i t  t h e  fol lowing charac- 
t e r i s t i c s  [Chow and Meredith, 19691 : 
( a )  I t  must be  a  problem which can be  d iv ided  i n t o  s t a g e s  
wi th  a  dec i s ion  requi red  a t  each s t a g e .  I n  gene ra l  t e r m s ,  op t imiza t ion  
problems c o n s i s t  of f i n d i n g  t h e  va lue  of N v a r i a b l e s  which opt imize ( i . e . ,  
maximize o r  minimize) t h e  va lue  of a  given o b j e c t i v e  func t ion  whi le  s u b j e c t  
t o  a  set of c o n s t r a i n t s .  By t h e  DP methodology an opt imiza t ion  problem i s  
converted i n t o  a  sequence of N s impler  problems, each of them having t o  
decide on t h e  va lue  of one of t he  N v a r i a b l e s  a t  a  t i m e .  
Stages may r ep re sen t  p o i n t s  i n  space o r  t i m e ,  o r  may r ep re sen t  
a b s t r a c t  s t e p s  i n  the  problem-solving process .  I n  water  resources  sys  tems 
a n a l y s i s ,  op t imiza t ion  problems a r i s e  i n  t he  design (space-or iented op t i -  
mizat ion)  o r  i n  the  schedul ing of cons t ruc t ion  and opera t ion  (time- 
o r i e n t e d  op t imiza t ion)  of t he  s y s  t e m s  ; t hus ,  s t a g e s  r e f e r  e i t h e r  t o  t i m e  
o r  t o  space.  I n  t ime-oriented problems, s t a g e s  may b e  widely s epa ra t ed  
p o i n t s  i n  t i m e ,  up t o  decades,  f o r  example, i n  construct ion-schedul ing 
problems; o r  may b e  p o i n t s  i n  t i m e  c lo se ly  fol lowing one another ,  f o r  
example, a t  one-day o r  s h o r t e r  i n t e r v a l s ,  f o r  op t imiza t ion  of t h e  opera t ion  
of f l ood  c o n t r o l  systems. In  space-or iented opt imiza t ion  problems, s t a g e s  
may r e f e r  t o  d i f f e r e n t  s i tes of water  d e l i v e r y ,  f o r  example, i n  aqueduct- 
rou t ing  opt imiza t ion ;  o r  t o  s i t e s  of water  s t o r a g e ,  f o r  example, i n  
problems of s e l e c t i o n  of dam s i t e s .  
(b) Each s t a g e  must have a  s t a t e  vec to r  a s soc i a t ed  wi th  i t .  The 
s t a t e  v e c t o r  i s  a  s e t  of s t a t e  v a r i a b l e s  c o n t a i n i n g  a l l  t h e  i n f o r m a t i o n  abou t  
c o n d i t i o n s  of a  sys tem a t  a  p a r t i c u l a r  s t a g e ,  and convey i n f o r m a t i o n  abou t  
t h e  v a r i a t i o n  of t h e s e  c o n d i t i o n s  from one s t a g e  t o  t h e  n e x t .  When two o r  
more v a r i a b l e s  a r e  n e c e s s a r y  t o  d e s c r i b e  t h e  sys tem c o n d i t i o n s ,  t h e  s t a t e  
v e c t o r  i s  s a i d  t o  b e  mul t id imens iona l .  R e a l i s t i c  mathemat ica l  f o r m u l a t i o n  
of o p t i m i z a t i o n  problems i n  w a t e r  r e s o u r c e s  systems a n a l y s i s  u s u a l l y  i n v o l v e  
t h e  d e f i n i t i o n  of a  h igh-dimensional  s t a t e  v e c t o r .  
( c )  The e f f e c t  of a  d e c i s i o n  v e c t o r  a t  each  s t a g e  is t o  t r a n s f o r m  
t h e  c u r r e n t  s t a t e  v e c t o r  i n t o  a  s t a t e  v e c t o r  a s s o c i a t e d  w i t h  t h e  n e x t  s t a g e .  
The d e c i s i o n  v e c t o r  is a  s e t  of v a r i a b l e s  r e p r e s e n t i n g  t h e  a l t e r n a t i v e  
a c t i o n s  e x e r t e d  upon a  sys tem a t  each s t a g e .  The e f f e c t s  of t h e s e  a c t i o n s  
a r e  e v a l u a t e d  by a s u i t a b l e  measure o f  e f f e c t i v e n e s s  a t  each s t a g e  and f o r  
any f e a s i b l e  s t a t e  o r  c o n d i t i o n  of t h e  system. The c h a r a c t e r  of such a  
measure of e f f e c t i v e n e s s  must r e f l e c t  t h e  o b j e c t i v e s  of t h e  s y s t e m ' s  d e s i g n  
o r  o p e r a t i o n .  A d e c i s i o n  v e c t o r  i s  mul t id imens iona l  i f  t h e r e  a r e  two o r  
more a c t i o n s  a f f e c t i n g  t h e  sys tem s i m u l t a n e o u s l y  a t  a g iven  s t a g e .  
(d )  For g i v e n  c u r r e n t  s t a g e  and s t a t e  of t h e  problem, t h e  
o p t i m a l  d e c i s i o n  shou ld  b e  independent  of d e c i s i o n s  made i n  p rev ious  
s t a g e s .  Tha t  i s ,  t h e  i n f o r m a t i o n  abou t  p r e v i o u s  s t a g e s  r e l e v a n t  t o  t h e  
s e l e c t i o n  of o p t i m a l  v a l u e s  f o r  t h e  d e c i s i o n  v a r i a b l e s  i s  a l r e a d y  con ta ined  
i n  t h e  v a l u e s  o f  t h e  s t a t e  v a r i a b l e s  a t  t h e  c u r r e n t  s t a g e .  
B. The DP Recurs ive  Equation.  The r e c u r s i v e  e q u a t i o n  i s  t h e  
b a s i s  f o r  t h e  f o r m u l a t i o n  of any o p t i m i z a t i o n  problem by DP. It condenses 
t h e  s e q u e n t i a l  n a t u r e  of t h e  DP methodology and r e f l e c t s  t h e  p r i n c i p l e  of 
op t i m a l i  t y  [Bellman, 19571 which s t a t e s  : 
"an o p t i m a l  s e t  of d e c i s i o n s  h a s  t h e  p r o p e r t y  t h a t  wha tever  
t h e  f i r s t  d e c i s i o n  i s ,  t h e  remaining d e c i s i o n s  must b e  o p t i m a l  w i t h  
r e s p e c t  t o  t h e  outcome which r e s u l t s  from t h e  f i r s t  d e c i s i o n " .  
Let us assume t h a t  t he  opt imiza t ion  problem can be  d iv ided  analyt-  
i c a l l y  i n t o  N d i s c r e t e  s t a g e s  and t h a t  each s t a g e  n (n= l ,  2 ,  . . . , N wi th  
n = l  f o r  t he  f i r s t  s t a g e ,  e t c . )  has  a s soc i a t ed  wi th  i t  a  s t a t e  v e c t o r  S . 
n 
According t o  t h e  problem c h a r a c t e r i s t i c  (c)  mentioned above, T ( ) can 
n 
be def ined  as  a  t ransformation func t ion  which a c t s  on the  s t a t e  v e c t o r  
- 
S t o  convert  i t  i n t o  a  s t a t e  vec to r  S assoc ia t ed  wi th  s t a g e  n-1, 
n  n- 1 
because of the ac t ion  of the  d e c i s i o n v e c t o r 6  i n  t he  ( n - 1 ) t h s t a g e .  
n- 1 
Expressing i n  mathematical terms : 
- - 
where S C I S  h, Sn , C I S }  , and O . I s }  I S }  a n d I 6 :  n- 1 n-1 ' n' n-1 - 
n - n- 1 
be ing , r e spec t ive ly ,  the admissible  va lues  of t h e  s t a t e  v e c t o r  f o r  s t a g e  n ,  
the  s t a t e  vec tor  f o r  s t a g e  n-1, and the  dec is ion  vec to r  f o r  s t a g e  n-1. 
Throughout t h i s  d i scuss ion ,  a  forward algori thm f o r  DP i s  assumed. 
For t h i s  a lgori thm, the  computation begins with t h e  a n a l y s i s  of t h e  f i r s t  
s t a g e  (n=l )  and cont inues s e q u e n t i a l l y  u n t i l  the  a n a l y s i s  of the  l a s t  
s t a g e  (n=N) i s  completed. On the  cont ra ry ,  backward algori thm begins wi th  
the  a n a l y s i s  of the  l a s t  s t a g e  (n=l )  and continues s e q u e n t i a l l y  u n t i l  t he  
a n a l y s i s  of the  f i r s t  s t a g e  (n=N) is performed. I n  t h i s  case,  t h e  o rde r  
of t h e  s t a g e s  i s  reversed ,  o r  n  i s  counted backward s t a r t i n g  wi th  n = l  
f o r  t he  l a s t  s t age .  
- - 
Let us f u r t h e r  de f ine  R (S , D  ) a s  t h e  r e t u r n ,  o r  t h e  measure 
n n n-1 
of e f f e c t i v e n e s s ,  of t he  decision-induced s t a t e  t ransformat ion  f o r  s t a g e  n.  
I f  t h e  problem's o b j e c t i v e  i s  t o  optimize (maximize o r  minimize) a  given 
func t ion  f o r  the e f f e c t i v e n e s s  of t h e  sequence of system t ransformat ions ,  
then, the  ob jec t ive  func t ion ,  z ,  can be expressed as :  
- - - 
z = Optimize f  [ R ~ ( ~ , D ~ ) ,  . . . , (2-2) 
where f [  1 i s  a f u n c t i o n  r e p r e s e n t i n g  t h e  combined e f f e c t  of sys tem t r a n s -  
- 
f o r m a t i o n s  p roceed ing  from a n  i n i t i a l  o r  o r i g i n a l  s t a t e  v e c t o r  S o  t o  a  
- 
f i n a l  s t a t e  v e c t o r  S r e s u l t i n g  from a  sequence of d e c i s i o n  v e c t o r s  N 
Usua l ly ,  t h e  s o l u t i o n  of Eq. (2 -2) i s  s u b j e c t  t o  a  s e t  o f  c o n s t r a i n t s  
o r  c o n d i t i o n s  o f  d i v e r s e  n a t u r e  (budge ta ry ,  p h y s i c a l ,  p o l i t i c a l  o r  i n s t i -  
t u t i o n a l )  imposed upon t h e  system. For example, p h y s i c a l  c o n s t r a i n t s  may 
s p e c i f y  l i m i t s  t o  t h e  magnitude of t h e  s t a t e  o r  d e c i s i o n  v a r i a b l e s ,  budg- 
e t a r y  c o n s t r a i n t s  may i n d i c a t e  c e i l i n g s  t o  e x p e n d i t u r e s  a s s o c i a t e d  w i t h  
t h e  d e c i s i o n s ,  and p o l i t i c a l  o r  i n s t i t u t i o n a l  c o n s t r a i n t s  may r e s t r i c t  
t h e  sys tem t o  t h e  real -world  s i t u a t i o n .  
To s o l v e  Eq.(2-2) by DP, an N-stage problem i s  s o l v e d  s e q u e n t i a l l y  
s t a g e  by s t a g e  of t h e  d e c i s i o n  p r o c e s s .  For t h e  decomposit ion of 5 two 
n  ' 
s u f f i c i e n t  c o n d i t i o n s  a r e  [Nemhauser, 19661 : s e p a r a b i l i t y ,  i. e . ,  
where f  and f  a r e  rea l -va lued  f u n c t i o n s ;  and monoton ic i ty ,  i . e . ,  1 2 
- - 
where f  ' [ ]  2 f "  [ 1, and f o r  a l l  v a l u e s  of R1 (S1 ,Do). Thus, f o r  t h e  2  2 
decomposit ion o f  5 
n  ' 
- - - - 
opt imize  f [ ~  1 1  (S , D  o  , R ~ ( s ~ , D ~ ) ,  . . %(G'DN-l )~  
6 E {Eln 
n  
can be  conver ted  i n t o  
Optimize f l  { R ~ ( S ~ , S ~ )  , Optimize f  [ R ~ ( S ~ , ~ ~ ) ,  . . . , N , N l )  1 (2-5) 
D~ E {6}0 - - Dl ,  , DN-l 
Addi t ive  func t i ons  are t y p i c a l  i n  t h e  a n a l y s i s  of  systems f o r  which 
t h e  o b j e c t i v e  of t h e i r  de s ign  o r  o p e r a t i o n  i s  t o  maximize t h e  sum o f  t h e  
r e t u r n s  o r  t he  e f f e c t i v e n e s s  of  t h e  system t r ans fo rma t ion ,  a t  a l l  t h e  s t a g e s .  
I n  such a ca se ,  t he  o b j e c t i v e  f u n c t i o n  i s  given by 
and s a t i s f y i n g  t h e  cond i t i ons  of s e p a r a b i l i t y  and monoton ic i ty ,  f [  ] i s  
t h e r e f o r e  decomposable. 
Now l e t  FN(%) be  de f i ned  as t h e  maximum r e t u r n  from t h e  system 
t r ans fo rma t ions  from some i n i t i a l  s ta te  S t o  some f i n a l  s ta te  S Then, 
0 N ' 
N 
- - 
FN = Max 
- 
n= I1 Rn (sn YDn-l) 
s n  t { a n  
s u b j e c t  t o  t he  t rans format ion  f u n c t i o n s ,  Eq.  (2 - l ) ,  and a l l  t h e  c o n s t r a i n t s  
imposed on t h e  system. Because t he  o b j e c t i v e  f u n c t i o n  i s  decomposable, 
By d e f i n i t i o n  
then  
- - - 
F (F ) = Max N N 
- 
[s(SN,DN-l) + FN-l(SN-l)l 
s, t iSl 
n  
- 
DN t {Dln 
s u b j e c t  t o  Eq. (2-1) and t h e  c o n s t r a i n t s  imposed on t h e  sys tem.  For any 
s t a g e  n  ( n = l ,  2 ,  . . . , N) , Eq. (2-10) becomes t h e  DP r e c u r s i v e  e q u a t i o n  
where F  (x ) i s  a  known q u a n t i t y  a s s o c i a t e d  w i t h  t h e  i n i t i a l  s t a t e  v e c t o r  
0 0 
- 
S r e p r e s e n t i n g  t h e  o r i g i n a l  c o n d i t i o n  of t h e  system. 
0 
C. Computer Memory Required f o r  So lv ing  t h e  DP Recurs ive  Equat ion.  
For a  d i g i t a l  computer s o l u t i o n  o f  t h e  DP r e c u r s i v e  e q u a t i o n ,  Eq. (2 - lo ) ,  
- - 
enough s t o r a g e  c a p a c i t y  is  r e q u i r e d  t o  keep F  (Sn and Fn (Sn) , f o r  a l l  n-1 - 
f e a s i b l e  v a l u e s  o f  t h e  s t a t e  v e c t o r s  S and S a t  two c o n s e c u t i v e  s t a g e s ,  
n- 1 n  
n-1 and n ,  and t h e  v a l u e s  O:-l(Zn) of t h e  d e c i s i o n  v e c t o r  5 which 
n- 1 
s a t i s f i e s  Eq .  (2-10) f o r  every  f e a s i b l e  v a l u e  o f  t h e  s t a t e  v e c t o r  5 n  ' 
n = l ,  2 ,  . . . , N.  This  memory requirement  may b e  enormous, a s  i l l u s t r a t e d  
i n  t h e  fo l lowing  example: 
Suppose t h a t  t h e  a p p r o p r i a t e  f o r m u l a t i o n  of an o p t i m i z a t i o n  
problem i n v o l v e s  N=12 s t a g e s ,  a four-dimensional  (M=4) s ta te  v e c t o r ,  and 
a four-dimensional  (T=4) d e c i s i o n  v e c t o r .  Th i s  i s  a  t y p i c a l  c a s e  i n  t h e  
a n a l y s i s  o f  t h e  y e a r l y  o p e r a t i o n  of a f o u r - r e s e r v o i r  w a t e r  r e s o u r c e s  
sys tem on a  monthly b a s i s .  Assume f u r t h e r  t h a t  each v a r i a b l e  o f  t h e  s t a t e  
v e c t o r  can b e  q u a n t i z e d  i n t o  Q=10 l e v e l s .  Then, t h e  amount o f  numbers 
which must b e  s t o r e d  i n  t h e  computer 's  memory i s ,  a t  l e a s t ,  e q u a l  t o  
M - 
2Q f o r  Fn(%) and Fn-l(Sn-l ) and e q u a l  t o  T N ~ ~  f o r  0"n- 1 ( z n ) ,  n = l ,  2 ,  . .. , N. 
For  t h e  g iven  example, t h e  t o t a l  numbers f o r  F  (S ) , 
n n  
amount t o  500,000. S t o r i n g  t h e s e  numbers w i l l  r e q u i r e  a t  l e a s t  two m i l l i o n  
b y t e s  (2,00OK), a  q u a n t i t y  f a r  l a r g e r  t h a n  t h e  t o t a l  memory c a p a c i t y  of 
a v a i l a b l e  d i g i t a l  computers. 
It can b e  s e e n  from t h e  p r e c e d i n g  example t h a t  t h e  computer 
memory r e q u i r e d  f o r  t h e  s o l u t i o n  of t h e  r e c u r s i v e  e q u a t i o n  i n c r e a s e s  
l i n e a r l y  w i t h  t h e  d i m e n s i o n a l i t i e s  of t h e  d e c i s i o n  v e c t o r  and t h e  number 
of s t a g e s ,  g e o m e t r i c a l l y  w i t h  t h e  number of quan t ized  v a l u e s  of t h e  s t a t e  
v a r i a b l e s ,  and e x p o n e n t i a l l y  w i t h  t h e  d i m e n s i o n a l i t y  o f  t h e  s t a t e  v e c t o r .  
The most c r i t i c a l  f a c t o r  i n  t h e  d e t e r m i n a t i o n  of t h e  r e q u i r e d  computer 
memory i s  obv ious ly  t h e  d i m e n s i o n a l i t y  of t h e  s ta te  v e c t o r  which a f f e c t s  
t h e  memory e x p o n e n t i a l l y .  However, f o r  a g iven  problem, t h e  d i m e n s i o n a l i t y  
of t h e  s t a t e  and d e c i s i o n  v e c t o r s  and t h e  number of s t a g e s  a r e  f i x e d  by 
t h e  a p p r o p r i a t e  f o r m u l a t i o n  o f  t h e  problem, and t h e  accuracy  o f  t h e  so lu -  
t i o n  depends on t h e  f i n e n e s s  o f  t h e  d i v i s i o n  of t h e  s t a t e  and d e c i s i o n  
v a r i a b l e s  i n t o  q u a n t i z e d  v a l u e s .  There e x i s t s  t h e n ,  a compromise between 
t h e  accuracy of a s o l u t i o n  and t h e  l a b o r i o u s n e s s  of o b t a i n i n g  i t .  For a 
minimum d e s i r a b l e  number of q u a n t i z e d  v a l u e s  of t h e  s t a t e  v a r i a b l e s ,  t h e  
DP s o l u t i o n  o f  a  p a r t i c u l a r  problem may n o t  be  p o s s i b l e  i f  t h e  e n t i r e  s e t  
of q u a n t i z e d  v a l u e s  o f  t h e  s tate v a r i a b l e s  i s  cons idered  a t  a  t i m e .  I n  such 
c a s e s ,  DDDP a l lows  a  compat ible  computer s o l u t i o n  of DP problems w i th  high- 
dimensional  s t a t e  and d e c i s i o n  v e c t o r s ,  w i thou t  any r e d u c t i o n  i n  t h e  number 
of quan t i z ed  v a l u e s  o f  s t a t e  and d e c i s i o n  v a r i a b l e s .  
2-2. The DDDP 
DDDP i s  an i t e r a t i v e  procedure  by which t h e  DP r e c u r s i v e  equa t i on  
may be  so lved  w i t h i n  a  r e s t r i c t e d  set of quan t i z ed  v a l u e s  of  t h e  s t a t e  
v a r i a b l e s ,  thus  con t inuous ly  approaching t h e  op t imal  s o l u t i o n  corresponding 
t o  t h e  e n t i r e  set  of quan t i z ed  va lue s  of  t h e  s t a t e  v a r i a b l e s .  The co l l e c -  
t i o n  of r e s t r i c t e d  quan t i z ed  va lue s  of t h e  s t a t e  v a r i a b l e s  a t  a l l  t h e  s t a g e s  
composes what is  c a l l e d  a  c o r r i d o r .  The composit ion of c o r r i d o r s  v a r i e s  
from one i t e r a t i o n  t o  t h e  nex t  i n  such a  way a s  t o  o b t a i n  convergence of 
t h e  a lgo r i t hm toward t h e  op t imal  s o l u t i o n  f o r  t h e  e n t i r e  set of quan t ized  
va lue s  of t h e  s t a t e  v a r i a b l e s .  The pa th  of  t h e  i t e r a t i o n s  through a  
c o r r i d o r  i s  c a l l e d  a  t r a j e c t o r y .  
L e t  t h e  s t a t e  v e c t o r  S a t  s t a g e  n  (n = 1, 2 ,  ..., N) b e  
n  
composed of M s t a t e  v a r i a b l e s  (S .... S . . .  S ) each of which 1 ,n '  m,n M,n 
is  quan t i z ed  i n t o  Q va lue s  (m = 1, 2 ,  .... M) . Thus, t he  e n t i r e  s e t  of 
m 
quan t i z ed  va lue s  of t h e  v a r i a b l e s  i s  
where s i s  t h e  j - th  quan t ized  va lue  of  t he  m-th v a r i a b l e  a t  t h e  n-th 
m ,n , j  
s t a g e .  
Let  q'  be  t h e  number of t h e  Q quant ized va lues  of t h e  m-th 
m,n m 
s t a t e  v a r i a b l e  which i s  considered a t  a  time a t  s t a g e  n ,  and l e t  Aq 
m,nY 
( 1  % AqmYn % Q ;  m = 1, 2,  .... M; n  = 1, 2 ,  .... N) be  t h e  spac ing ,  i n  
terms of numbers of quant ized va lues ,  between ad jacent  members of t h e  re- 
s t r i c t e d  s e t  of t he  q '  numbers. This  spac ing  s p e c i f i e s  t h e  width of t h e  
m,n 
c o r r i d o r  f o r  each s t a t e  v a r i a b l e  a t  every s t a g e .  
Le t  i t  a l s o  be  assumed t h a t  t h e  opt imal  t r a j e c t o r y  r e s u l t i n g  
from t h e  (k-1)-th i t e r a t i o n  i s  given by s (k-1) * 9 s  (k-1) . . . . . .  l,t.QlYn 29n9QZYn 
S (k-1) ..., ..., * Y * . . Y  S , ( n  = 1, 2 ,  N), where Q* ,(m = 1, 2 ,  @ ,  
msnsQmYt M,n.QMyn m ~ n  
r ep re sen t s  t h e  l o c a t i o n  of t h e  va lue  of t h e  m-th s t a t e  v a r i a b l e  w i t h i n  i t s  
own e n t i r e  s e t  of quant ized  va lues  a t  s t a g e  n ,  and t h a t  q '  . (m = 1, 2  ..... M; 
m,n 
.... n  = 1, 2,  N), i s  taken a s  3 f o r  i l l u s t r a t i v e  purposes.  The c o r r i d o r  
f o r  t h e  k-th i t e r a t i o n  is  then de l inea t ed  by 
where, i f  1 % Q* % Qm, 
m,n 
and U = Min (Qm; * ..., Qm,n + ~ q ~ , ~ ) ,  m =  1, 2 ,  M 
m,n 
i f  Q" = 1, 
m,n 
L = Q J '  , m = 1, 2 ,  ..., M 
m,n m,n 
(2-14) 
c = Min ( Q ~ ;  Q:,,+ Aq,,,), m =  1, 2,  ..., M 
m,n 
(2-15) 
and U = Min (Qm; Q" + 2  Aqmyn) , m = 1, 2 ,  . . . , M (2-16) 
m,n m,n 
and,  i f  Q* = Q m y  
m,n 
L = Max (1 ;  Q" - 2  Aqmyn),  m = 1, 2 ,  ..., M 
m,n m,n 
(2- 17) 
C = M a x ( l ; Q k  - Aqrnyn), m =  1, 2 ,  ..., M 
m,n 
(2-18) 
m,n 
and U = * Q m y n '  m = 1, 2 ,  ..., M 
m,n 
(2-19) 
The c o r r i d o r  f o r  v a l u e s  of q '  o t h e r  t h a n  3 can b e  developed 
m,n 
f o l l o w i n g  a  s i m i l a r  r eason ing .  
As s t a t e d  above,  a  t r a j e c t o r y ,  e i t h e r  i n i t i a l  o r  o p t i m a l ,  i s  
r e q u i r e d  f o r  t h e  fo rmat ion  o f  t h e  c o r r i d o r  f o r  t h e  k-th i t e r a t i o n .  Associ-  
a t e d  w i t h  such a  t r a j e c t o r y  t h e r e  i s  a  v a l u e  F ' ~  (k-1) o f  t h e  o b j e c t i v e  
f u n c t i o n  which i s  e i t h e r  c a l c u l a t e d  from t h e  t r a n s f o r m a t i o n s  o f  t h e  sys tem 
a s  s p e c i f i e d  by t h e  i n i t i a l  t r i a l  t r a j e c t o r y  ( i f  k  = 1)  o r  o b t a i n e d  from 
t h e  s o l u t i o n  of t h e  r e c u r s i v e  e q u a t i o n  w i t h i n  t h e  c o r r i d o r  f o r  t h e  (k-1)-th 
i t e r a t i o n  ( i f  2  5 k  r k  w h e r e k  is a g i v e n m a x i m u m n u m b e r o f i t e r a -  
max ' max 
t i o n s ) .  The s o l u t i o n  o f  t h e  r e c u r s i v e  e q u a t i o n  w i t h i n  t h e  c o r r i d o r  o f  t h e  
k-th i t e r a t i o n  y i e l d s  a  v a l u e  F* f o r  t h e  o b j e c t i v e  f u n c t i o n ,  which when k  
compared w i t h  t h e  v a l u e  of t h e  o b j e c t i v e  f u n c t i o n  f o r  p r e v i o u s  i t e r a t i o n s  
w i l l  de te rmine  t h e  convergence of t h e  a l g o r i t h m  toward t h e  o p t i m a l  s o l u t i o n  
I f  t h e  convergence i s  o b t a i n e d ,  t h e  t r a j e c t o r y  y i e l d i n g  F" r e p r e s e n t s  t h e  k  
s o l u t i o n  t o  t h e  o p t i m i z a t i o n  problem. 
The procedure  j u s t  d e s c r i b e d  can b e  a p p l i e d  u s i n g  any v a l u e  o f  
t h e  s p a c i n g  paramete r  Aq To e n s u r e  t h a t  t h e  s o l u t i o n  by DDDP of t h e  
m ,  t '  
o p t i m i z a t i o n  problem i s  t h e  one cor responding  t o  t h e  e n t i r e  s e t  of 
q u a n t i z e d  v a l u e s  of t h e  s t a t e  v a r i a b l e s ,  t h e  i t e r a t i v e  p rocedure  must b e  
performed s e v e r a l  t i m e s ,  i n  c y c l e s ,  u s i n g  a t  each c y c l e  v a l u e s  f o r  t h e  
s p a c i n g  paramete rs  s m a l l e r  than those  used i n  t h e  p r e c e d i n g  c y c l e .  The 
s m a l l e s t  v a l u e  of t h e  s p a c i n g  paramete rs  shou ld  b e  1, s o  t h a t  t h e  c o r r i d o r s  
o f  t h e  f i n a l  c y c l e  a r e  composed of cont iguous  v a l u e s  i n  t h e  o r i g i n a l  s e t  
of q u a n t i z e d  v a l u e s  of t h e  s t a t e  v a r i a b l e s .  
The above d i s c u s s i o n s  a r e  t h e  b a r e  e s s e n t i a l s  of t h e  t h e o r e t i c a l  
a s p e c t s  of DDDP. For d e t a i l s ,  t h e  r e a d e r  shou ld  b e  r e f e r r e d  t o  t h e  work 
of H e i d a r i ,  Chow and Meredi th  [1971].  
111. THE DDDP PROCEDURE 
Based on t h e  t h e o r e t i c a l  a s p e c t s  of DDDP g i v e n  i n  t h e  p r e v i o u s  
c h a p t e r ,  a  p r a c t i c a l  p rocedure  of app ly ing  t h e  DDDP methodology i s  
developed i n  t h i s  c h a p t e r .  A  b r i e f  general .  p r e s e n t a t i o n  of t h e  procedure  
w i l l  b e  fol lowed by a  d e t a i l e d  a n a l y s i s  of i t s  major  s t e p s .  
3-1. D e s c r i p t i o n  of t h e  Procedure .  
The g e n e r a l  scheme of t h e  DDDP procedure  may b e  c o n c i s e l y  r e -  
p r e s e n t e d  by a  b l o c k  diagram i n  F ig .  1. T h i s  diagram shows e s s e n t i a l l y  
a computer program t o  c a r r y  o u t  t h e  compi la t ions  f o r  DDDP. As can b e  
s e e n  from t h i s  f i g u r e ,  t h e  procedure  i s  composed of c y c l e s ,  which i n  t u r n  
a r e  made up of i t e r a t i o n s .  Each computation c y c l e  cor responds  t o  t h e  
p r o c e s s ,  s t a r t i n g  from a t r i a l  t r a j e c t o r y ,  t o  s e a r c h  f o r  t h e  o p t i m a l  
t r a j e c t o r y  w i t h i n  a l l  c o r r i d o r s  of a  g i v e n  wid th .  The computation c y c l e  
i s  complete when t h e  s e a r c h  p rocess  h a s  converged t o  t h e  o p t i m a l  t r a j e c t o r y  
accord ing  t o  a convergence c r i t e r i o n  t o  b e  d i s c r i b e d  l a t e r .  
For  each i t e r a t i o n  of a c y c l e ,  t h e  o p t i m a l  t r a j e c t o r y  w i t h i n  a  
g i v e n  c o r r i d o r  and i t s  r e t u r n  a r e  determined by t h e  DP methodology. A  
new i t e r a t i o n  i s  needed i f  t h e  convergence c r i t e r i o n  f o r  t h e  c y c l e  i s  n o t  
s a t i s f i e d .  The number of c y c l e s  f o r  t h e  e n t i r e  p rocedure  and t h e  a l l o w a b l e  
maximum number of i t e r a t i o n s  p e r  c y c l e  a r e  s p e c i f i e d  i n  advance. 
The DDDP procedure  t e r m i n a t e s  e i t h e r  when t h e  convergence 
c r i t e r i o n  f o r  t h e  l as t  c y c l e  i s  s a t i s f i e d ,  o r  when t h e  maximum number of 
i t e r a t i o n s  f o r  such a c y c l e  i s  exceeded. I n  t h e  former c a s e ,  t h e  o p t i m a l  
s o l u t i o n  of t h e  e n t i r e  o p t i m i z a t i o n  problem i s  t h e  o p t i m a l  s o l u t i o n  
o b t a i n e d  i n  t h e  last  c y c l e .  I n  t h e  l a t t e r  c a s e ,  o n l y  a near -op t imal  
s o l u t i o n  i s  achieved and t h e  e n t i r e  p rocedure  may t h e n  b e  r e p e a t e d  e i t h e r  
al lowing a  l a r g e r  number of i t e r a t i o n s  per  cyc l e ,  o r  modifying t h e  
convergence c r i t e r i o n .  
I f  t h e  maximum number of i t e r a t i o n s  f o r  t h e  i n t e rmed ia t e  cyc l e s  
i s  exceeded, t h e  DDDP procedure a s s i g n s  t h e  c u r r e n t  opt imal  t r a j e c t o r y  
( a  near-optimal t r a j e c t o r y  f o r  t h e  cyc le )  a s  t h e  t r i a l  t r a j e c t o r y  f o r  t h e  
next  cyc le .  
The scheme of t h e  DDDP procedure shown i n  Fig.  1 i s  of gene ra l  
a p p l i c a b i l i t y .  The development of each of i t s  major s t e p s ,  however, should 
depend on t h e  op t imiza t ion  problem under cons idera t ion .  The remaining 
s e c t i o n s  of t h i s  chapter  a r e  devoted t o  t h e  d i s cus s ions  i n  some d e t a i l  t h e  
major s t e p s  of t h e  procedure.  
3-2. The I n i t i a l  T r i a l  T ra j ec to ry .  
The DDDP procedure begins  wi th  t h e  es tab l i shment  of an i n i t i a l  
t r i a l  t r a j e c t o r y  and i t s  r e t u r n  ( s ee  b lock  1 i n  Flg.  1 ) .  A t r a j e c t o r y  is  
t h e  sequence of t ransformat ions  of t h e  s t a t e  vec to r  throughout t h e  e n t i r e  
per iod  N of system a n a l y s i s .  A t r a j e c t o r y  i s  f e a s i b l e  i f  i t  s a t i s f i e s  a l l  
c o n s t r a i n t s  imposed on t h e  system, and i t  i s  opt imal  i f ,  be s ides  being 
f e a s i b l e ,  i t  opt imizes  t h e  o b j e c t i v e  c r i t e r i o n  of system performance. 
The b a s i c  i d e a  behind t h e  s e l e c t i o n  of an i n i t i a l  t r i a l  t r a j e c t o r y  
i s  t o  provide ,  f o r  t h e  process  of search ing  t h e  opt imal  t r a j e c t o r y ,  both 
a  s t a r t i n g  po in t  and a  reg ion  ( i . e . ,  t h e  c o r r i d o r  around t h e  t r i a l  t r a j e c t o r y )  
where t h e  op t imal  t r a j e c t o r y  i s  expected t o  l i e .  
Thus, t h e  i n i t i a l  t r i a l  t r a j e c t o r y  being t h e  f i r s t  approximation 
of t h e  op t imal  t r a j e c t o r y ,  should be  f e a s i b l e  and a l s o  a s  c l o s e  a s  p o s s i b l e  
t o  t h e  op t imal  t r a j e c t o r y .  These requirements  a r e  t o  i n s u r e  t h a t  a t  l e a s t  
one of t h e  a l t e r n a t i v e  t r a j e c t o r i e s  t o  be  examined f o r  o p t i m a l i t y  has  
s a t i s f i e d  a l l  t h e  c o n s t r a i n t s  and t h a t  t h e  t i m e  of computation t o  reach  t h e  
opt imal  t r a j e c t o r y  i s  a s  s h o r t  a s  pos s ib l e .  While t h e  s a t i s f a c t i o n  of t h e  
f e a s i b i l i t y  requ i rements  can always b e  a s s e s s e d ,  i t  i s  n o t  p o s s i b l e  t o  
de te rmine  i n  advance how a c t u a l l y  c l o s e  t o  t h e  o p t i m a l i t y  i s  t h e  i n i t i a l  
t r i a l  t r a j e c t o r y .  I n  g e n e r a l ,  a  s a t i s f a c t o r y  i n i t i a l  t r i a l  t r a j e c t o r y  may 
b e  e s t a b l i s h e d  e i t h e r  by e n g i n e e r i n g  judgment o r  by sys tem decomposi t ion 
t o  de te rmine  a near -op t imal  i n i t i a l  t r i a l  t r a j e c t o r y .  
Engineer ing judgment r e l i e s  on i n f o r m a t i o n  on h y d r o l o g i c  and 
o t h e r  d a t a  concerning t h e  behav ior  of t h e  system. For example, i n  t h e  
a n a l y s i s  o f  t h e  o p e r a t i o n  of a r e s e r v o i r  network,  a t r i a l  sequence of 
monthly r e l e a s e s  o r  s t o r a g e s  may b e  e s t a b l i s h e d  from t h e  knowledge on t h e  
occur rence  of we t  and d ry  months o r  p e r i o d s  of a  y e a r .  The r e t u r n  
cor responding  t o  t h e  t r i a l  t r a j e c t o r y  e s t a b l i s h e d  by t h i s  approach is 
then r e a d i l y  c a l c u l a t e d  by u s i n g  t h e  v a l u e s  o f  t h e  s ta te  and d e c i s i o n  
v a r i a b l e s  of t h e  t r i a l  t r a j e c t o r y  i n  t h e  e x p r e s s i o n  of t h e  problem's 
o b j e c t i v e  f u n c t i o n ,  Eq. (2 -2) .  
The second approach t o  determine a s a t i s f a c t o r y  i n i t i a l  t r i a l  
t r a j e c t o r y  c o n s i s t s  of d i v i d i n g  t h e  o r i g i n a l  sys tem i n t o  a number of 
subsystems,  o b t a i n i n g  t h e  t r a j e c t o r i e s  which o p t i m i z e  each  subsystem 
independen t ly ,  and c o n s i d e r i n g  t h e  s e t  o f  t h e s e  o p t i m a l  t r a j e c t o r i e s  as 
an approximat ion of t h e  o p t i m a l  t r a j e c t o r y  f o r  t h e  e n t i r e  system. The 
o p t i m i z a t i o n  of each  subsystem should  b e  s u b j e c t  t o  t h e  same c o n s t r a i n t s  
of t h e  o r i g i n a l  system. 
Th is  system-decomposit ion approach [Larson,  19681, i s  a l s o  
a p p l i c a b l e  t o  problems where t h e r e  i s  s m a l l  i n t e r a c t i o n  between v a r i o u s  
s t a t e  and d e c i s i o n  v a r i a b l e s .  I n  t h i s  c a s e ,  t h e  t r a n s f o r m a t i o n  f u n c t i o n  
f o r  a g iven  s t a t e  v a r i a b l e ,  s a y  t h e  m-thy must depend on a few of  t h e  
o t h e r  s t a t e  and d e c i s i o n  v a r i a b l e s ;  namely, t h o s e  w i t h  an  i n d e x  h i g h e r  
t h a n  m. Thus, 
where S  and S  r e p r e s e n t  t h e  v a l u e s  o f  t h e  m-th s t a t e  v a r i a b l e  a t  
m , n + l  m ~ n  
s t a g e s  n+l  and n ,  r e s p e c t i v e l y ;  D i s  t h e  v a l u e  of t h e  m-th d e c i s i o n  
m,n 
v a r i a b l e  a t  s t a g e  n ;  T  ( ) i s  t h e  t r a n s f o r m a t i o n  f u n c t i o n  f o r  t h e  m-th 
m 
v a r i a b l e ;  and t h e r e  are M d e c i s i o n  v a r i a b l e s  and M s t a t e  v a r i a b l e s .  
Thus, o b t a i n i n g  a t r i a l  t r a j e c t o r y  by t h i s  approach i s  t o  reduce  
t h e  s o l u t i o n  of an  o p t i m i z a t i o n  problem t o  t h a t  o f  a s e r i e s  o f  opt imiza-  
t i o n  problems, each p o s s i b l y  having one s ing le -d imens iona l  s t a t e  v a r i a b l e  . 
As i n d i c a t e d  i n  F ig .  2 ,  each subsystem corresponds t o  one o f  t h e  M s t a t e  
v a r i a b l e s  of t h e  o r i g i n a l  problem. The o p t i m i z a t i o n  of t h e  m-th sub- 
sys tem i n c o r p o r a t e s  t h e  a l r e a d y  o b t a i n e d  op t imal  t r a j e c t o r i e s  of t h e  
p r e c e d i n g  subsystems m + l  through M. As an example, f o r  t h e  (M-1)-th 
subsystem,  t h e  o p t i m i z a t i o n  problem i s  t o  f i n d  t h e  t r a j e c t o r i e s  M-1,n ' 
A 
n  = 1, 2, . . . , N ,  o r  e q u i v a l e n t l y ,  t h e  d e c i s i o n  sequence D M-l,nY 
n  = 1, 2 ,  ..., N ,  f o r  which t h e  o b j e c t i v e  f u n c t i o n  of t h e  subsystem, i . e . ,  
h a s  an o p t i m a l  v a l u e  (denoted by J ) Such an o b j e c t i v e  f u n c t i o n  is  M- 1 
composed o f  t h e  r e t u r n s  
f o r  t h e  t r a n s f o r m a t i o n s  of t h e  subsystem a t  s t a g e s  1 through N; and t h e  
t r a n s f o r m a t i o n  e q u a t i o n  of t h e  subsystem, t h a t  i s ,  
i n c o r p o r a t e s  b o t h  t h e  o p t i m a l  t r a j e c t o r y  [ ?  1 ,  n  = 1, 2 ,  . . . , N ,  and t h e  M,n 
o p t i m a l  d e c i s i o n  sequence L $ , ~ ] ,  n  = 1, 2 ,  . . . , N o f  t h e  M-th subsystem. 
Once t h e  o p t i m i z a t i o n s  of a l l  M s u l ~ s y s t e m s  a r e  performed,  t h e  
i n i t i a l  t r i a l  t r a j e c t o r y  f o r  t h e  t o t a l  problem i s  g iven  by t h e  s e t  o f  
o p t i m a l  t r a j e c t o r i e s  f o r  a l l  subsystems as f o l l o w s :  [i 1 , m = 1, 2 ,  . . . , M; 
m,n 
n  = 1, 2 ,  . . . , N w i t h  t h e  a s s o c i a t e d  t r i a l  d e c i s i o n  sequence [6 1 ,  
m,n 
m = 1, 2 ,  ..., M; n  = 1, 2 ,  ..., N. 
F i n a l l y ,  t h e  v a l u e  of t h e  o b j e c t i v e  f u n c t i o n  cor responding  t o  
t h e  i n i t i a l  t r i a l  t r a j e c t o r y  i s  o b t a i n e d  by p r o v i d i n g  t h e  v a l u e s  of t h e  s t a t e  
and d e c i s i o n  v a r i a b l e s  of t h e  i n i t i a l  t r i a l  t r a j e c t o r y  t o  t h e  o b j e c t i v e  
f u n c t i o n ,  Eq. 2-2. 
I n  t h e  system-decomposit ion approach t o  f i n d  an i n i t i a l  t r i a l  
t r a j e c t o r y ,  t h e  e x p r e s s i o n s  o f  t h e  o b j e c t i v e  f u n c t i o n s  f o r  t h e  o p t i m i z a t i o n  
of subsystems a r e  of a  g e n e r a l  n a t u r e .  For o p t i m i z a t i o n  problems of w a t e r  
r e s o u r c e s  sys tems ,  however, most o b j e c t i v e  f u n c t i o n s  of t h e  subsystems a r e  
a d d i t i v e ;  i. e. , of t h e  f  o m :  
I f  t h e  r e t u r n  f o r  t h e  t r a n s f o r m a t i o n  of t h e  e n t i r e  sys tem i s  a  l i n e a r  
( a d d i t i v e )  f u n c t i o n  of t h e  r e t u r n s  f o r  t h e  t r a n s f o r m a t i o n s  of t h e  i n d i -  
v i d u a l  subsystems a t  a l l  s t a g e s ,  t h a t  i s  
and, i n  a d d i t i o n ,  t h e r e  e x i s t s  no i n t e r a c t i o n  between subsys tems ,  o r  
t h e n ,  t h e  s o l u t i o n  of t h e  o p t i m i z a t i o n  problem f o r  t h e  e n t i r e  sys tem 
corresponds p r e c i s e l y  t o  t h e  c o l l e c t i o n  of op t imal  s o l u t i o n s  f o r  t h e  sub- 
sys tems;  o r ,  op t imal  t r a j e c t o r y :  [ i m Y n ] ;  m =  1, 2 ,  ..., M; n =  1, 2 ,  ..., N 
w i t h  t h e  op t ima l  v a l u e ,  J", of t h e  o b j e c t i v e  f u n c t i o n  be ing  
A 
where Jm is  t h e  op t imal  va lue ,  of  t he  o b j e c t i v e  f u n c t i o n  i n  t h e  op t im iza t i on  
of t h e  m-th subsystem. Thus, f o r  t h i s  extreme ca se ,  t h e  i n i t i a l  t r i a l  
t r a j e c t o r y  co inc ide s  w i t h  t h e  op t imal  t r a j e c t o r y .  
3-3. Cons t ruc t ion  of Cor r idors .  
A f t e r  t h e  de te rmina t ion  of an i n i t i a l  t r i a l  t r a j e c t o r y ,  t h e  n e x t  
s t e p  of t h e  DDDP procedure  c o n s i s t s  of c o n s t r u c t i n g  a  c o r r i d o r  around i t ,  
which s p e c i f i e s  t h e  l i m i t i n g  va lue s  of t h e  s t a t e  v a r i a b l e s  used i n  t h e  
op t im iza t i on  of t h e  system. I n  t h e  p rocedure ,  two a c t i o n s  r ega rd ing  t h e  
c o r r i d o r  should  b e  taken: ( a )  t h e  s e l e c t i o n  of an i n i t i a l  width  of  t h e  
c o r r i d o r  ( s ee  b lock  2 i n  Fig .  1 )  and i t s  subsequent  mod i f i c a t i ons  ( s ee  
b lock  9 i n  Fig .  1 )  , and (b) t h e  a c t u a l  c o n s t r u c t i o n  of t h e  c o r r i d o r  
around a  t r i a l  t r a j e c t o r y  ( s e e  b lock  4 i n  Fig .  I ) .  
A. S e l e c t i o n  of Cor r idor  Widths. As  s t a t e d  p r e v i o u s l y ,  a  
c o r r i d o r  s p e c i f i e s  t h e  va lue s  of each s t a t e  v a r i a b l e  which a r e  cons idered  
a t  a  t ime o r  s t a g e  i n  t h e  op t im iza t i on  process .  Any of such v a l u e s  should  
belong t o  t h e  f e a s i b l e  range of v a r i a t i o n  of t h e  s t a t e  v a r i a b l e  under 
cons ide r a t i on .  I n  o r d e r  t o  reduce t h e  computer memory requirement  t o  a  
m i n i ~ u m  i n  t h e  s o l u t i o n  of a  mul t i -dimensional  DP problem, t h e  number of 
va lue s  ( q  , us ing  t h e  n o t a t i o n  of Sec t i on  2-3) of each s t a t e  v a r i a b l e  
m,n 
cons idered  a t  a  time should b e  a s  s m a l l  a s  p o s s i b l e .  The most s a t i s -  
f a c t o r y  number ha s  been proved t o  be  t h r e e  [He ida r i ,  Chow, and Meredi th ,  
1971; S h a u f e l b e r g e r ,  1971; C o r t e s ,  1973; Tauxe, H a l l  and Yeh, 19731. 
For a  g iven  c o r r i d o r ,  t h e  d i f f e r e n c e  between a d j a c e n t  v a l u e s  of 
a  s t a t e  v a r i a b l e  i s  t h e  wid th  o f  t h e  c o r r i d o r ,  a s  f a r  a s  t h a t  v a r i a b l e  
i s  concerned.  Each v a r i a b l e  may have a  d i f f e r e n t  c o r r i d o r  w i d t h ,  de- 
pending on i t s  n a t u r e  and i t s  range of v a r i a t i o n .  
F ig .  3,  where aga in  t h e  n o t a t i o n  corresponds t o  t h a t  used i n  
S e c t i o n  2-3, i l l u s t r a t e s  t h e  concept  of c o r r i d o r  w i d t h .  The f i g u r e  shows 
t h e  c o r r i d o r  f o r  t h e  m-th s t a t e  v a r i a b l e  d u r i n g  t h e  k-th i t e r a t i o n  of 
a  computation c y c l e .  The t r i a l  t r a j e c t o r y  i s  given by t h e  v a l u e s  o f  t h e  
o p t i m a l  t r a j e c t o r y  r e s u l t i n g  from t h e  (k-1)-th i t e r a t i o n ;  t h a t  i s ,  
[ s (k-l) ] , n  = 1, 2 ,  . . . , N .  It shows t h a t  t h e  wid th  of t h e  c o r r i d o r ,  
m , n Y ~ G y 2  
b e i n g  c o n s t a n t  i n  t h i s  c a s e ,  i s  e q u a l  t o  Aq (= 3  i n  Fig .  3) t imes  
m,n 
t h e  s m a l l e s t  increment  of t h e  m-th s t a t e  v a r i a b l e .  T h i s  increment  depends 
on t h e  number o f  v a l u e s  i n t o  which a  s t a t e  v a r i a b l e  i s  d i v i d e d  f o r  a n a l y s i s .  
Th i s  number i s  u s u a l l y  l a r g e ,  g e n e r a l l y  a t  l e a s t  50. I f  they  a r e  s o  con- 
s i d e r e d  a t  a  t ime,  t h e  s o l u t i o n  of a  m u l t i - s t a t e  o p t i m i z a t i o n  problem 
becomes computa t iona l ly  i n f e a s i b l e  by t h e  c o n v e n t i o n a l  DP. 
I n  t h e  s p e c i f i c a t i o n  of t h e  i n i t i a l  c o r r i d o r  wid th  and i t s  
subsequen t  m o d i f i c a t i o n s ,  a  coarse -gr id  t echn ique  is fo l lowed ,  which 
s e l e c t s  a  l a r g e  wid th  f o r  t h e  f i r s t  c y c l e  of t h e  DDDP p rocedure ,  and 
s m a l l e r  w i d t h s  f o r  t h e  subsequen t  c y c l e s .  I n  g e n e r a l ,  t h e  l a r g e r  t h e  
c o r r i d o r  width  and t h e  c l o s e r  t h e  t r i a l  t r a j e c t o r y  t o  t h e  o p t i m a l  
t r a j e c t o r y ,  t h e  s m a l l e r  t h e  number of i t e r a t i o n s  a r e  r e q u i r e d  t o  reach  
convergence t o  t h e  o p t i m a l  t r a j e c t o r y  f o r  a  g iven  c y c l e .  Consequent ly ,  
t h e  u s e  of l a r g e r  w i d t h s  f o r  e a r l i e r  c y c l e s  e n s u r e s  t h a t  t h e  o p t i m a l  
t r a j e c t o r i e s  f o r  such c y c l e s  a r e  o b t a i n e d  w i t h i n  a  s m a l l  number of 
i t e r a t i o n s .  Fur thermore,  s i n c e  t h e  t r i a l  t r a j e c t o r y  f o r  any l a t e r  
c y c l e  i s  t h e  o p t i m a l  t r a j e c t o r y  f o r  i t s  p r e c e d i n g  c y c l e  and t h u s  c l o s e r  
t o  o p t i m a l i t y  than any a r b i t r a r y  one,  smaller c o r r i d o r  w i d t h s  can be 
used i n  l a t e r  c y c l e s  t o  s e a r c h  f o r  t h e  o p t i m a l  t r a j e c t o r y ,  a l s o  w i t h i n  
a s m a l l  number of i t e r a t i o n s .  I n  t h i s  manner, t h e  t o t a l  number o f  i t e r a -  
t i o n s  i n  t h e  p r o c e s s  of f i n d i n g  t h e  o p t i m a l  s o l u t i o n  f o r  t h e  e n t i r e  
problem can b e  k e p t  w i t h i n  r e a s o n a b l e  l i m i t s .  
The most a p p r o p r i a t e  number o f  computation c y c l e s ,  o r  t h e  
most a p p r o p r i a t e  number o f  d i f f e r e n t  c o r r i d o r  w i d t h s ,  h a s  been r e p o r t e d  
t o  b e  a t  l e a s t  6 ,  t h e  c o r r i d o r  wid th  used i n  a  g iven  c y c l e  b e i n g  from 
70 t o  50 p e r c e n t  of t h e  wid th  used i n  t h e  p reced ing  c y c l e .  Accordingly ,  
t h e  coarse -gr id  t echn ique  can b e  summarized a s  fo l lows :  For t h e  f i r s t  
c y c l e  ( j = l ) ,  
where Aq and Qm have been d e f i n e d  i n  S e c t i o n  2-3, and x  is  a f a c t o r  
m,n 
which s p e c i f i e s  t h e  i n i t i a l  c o r r i d o r  wid th .  For  example, i f  x = 1 0 ,  t h e  
boundar ies  o f  t h e  i n i t i a l  c o r r i d o r  f o r  a s ta te  v a r i a b l e  cover  o n e - f i f t h  
of t h e  range  o f  v a r i a t i o n  of t h e  v a r i a b l e .  For  subsequen t  c y c l e s  
( j  = 2 ,  . . . , NC; NC = number of c y c l e s ) ,  
B. Design of t h e  Cor r idor .  I n  g e n e r a l ,  a c o r r i d o r  composed of 
3  v a l u e s  of t h e  s t a t e  v a r i a b l e  shou ld  b e  c o n s t r u c t e d  symmet r ica l ly  around 
t h e  t r i a l  t r a j e c t o r y  whenever p o s s i b l e .  However, asymmetr ical  c o r r i d o r s  
may r e s u l t  i f  any o f  t h e  boundar ies  of t h e  c o r r i d o r  exceeds  t h e  l i m i t s  
(upper  o r  lower) o f  t h e  v a r i a b l e .  A  2-valued c o r r i d o r  is  produced i f  t h e  
t r i a l  t r a j e c t o r y  p a s s e s  through t h e  upper or. lower l i m i t  o f  t h e  s t a t e  
v a r i a b l e .  F i g .  4  i l l u s t r a t e s  t h e  c o n s t r u c t i o n  o f  t h e  c o r r i d o r  f o r  a  
v a r i a b l e  q u a n t i z e d  i n  9 (= R) v a l u e s ,  and w i t h  t h e  c o r r i d o r  wid th  
"m , n  
= 2  f o r  n  = 1, 2 ,  . . . , 7. It can b e  s e e n  t h a t  t h e  c o r r i d o r  is  
symmetr ical  a t  s t a g e s  n  = 1, 2 ,  4, 6 ,  7;  asymmetr ical  a t  s t a g e  n  = 5 ,  
and 2-valued a t  s t a g e  n  = 3. 
Although, c o n c e p t u a l l y  s p e a k i n g ,  t h e  c o r r i d o r  w i d t h  f o r  a 
g iven  v a r i a b l e  may change from s t a g e  t o  s t a g e  d u r i n g  t h e  same computa- 
t i o n  c y c l e ,  i t  is c u s t o m a r i l y  t o  t r e a t  t h e  c o r r i d o r  wid th  a s  a  c o n s t a n t  
f o r  a l l  s t a g e s  th roughout  t h e  c y c l e .  Also,  i t  i s  g e n e r a l l y  recommended 
t o  c o n s t r u c t  3-valued c o r r i d o r s  f o r  a l l  s t a t e  v a r i a b l e s .  The c o r r i d o r  
w i d t h ,  n e v e r t h e l e s s ,  may be  d i f f e r e n t  f o r  each v a r i a b l e .  
3-4. Opt imiza t ion  Within  a Cor r idor  
As i n d i c a t e d  i n  b l o c k  5  of F ig .  1, a f t e r  t h e  c o n s t r u c t i o n  of a  
c o r r i d o r  around t h e  t r i a l  t r a j e c t o r y ,  t h e  o p t i m a l  t r a j e c t o r y ,  and i t s  
r e t u r n ,  w i t h i n  t h e  c o r r i d o r  shou ld  be  found. Th is  i s  done by means o f  
a conven t iona l  DP a l g o r i t h m  f o r  t h e  s e a r c h  of t h e  o p t i m a l  t r a j e c t o r y ,  
however r e s t r i c t i n g  t h e  computations on ly  t o  those  v a l u e s  o f  t h e  s t a t e  
v a r i a b l e s  d e f i n e d  by t h e  c o r r i d o r .  
Thus, t h e  s o l u t i o n  of t h e  DP r e c u r s i v e  e q u a t i o n ,  Eq. 2-10, i s  
c a r r i e d  o u t  i n s i d e  t h e  c o r r i d o r ,  s u b j e c t  t o  t h e  t r a n s f o r m a t i o n  e q u a t i o n s ,  
Eq. 2-1, and a l l  t h e  c o n s t r a i n t s  imposed on t h e  system. The s o l u t i o n  of 
t h e  DP r e c u r s i v e  e q u a t i o n  g i v e s  t h e  o p t i m a l  v a l u e  of t h e  o b j e c t i v e  
f u n c t i o n  ( i .  e .  , t h e  o p t i m a l  r e t u r n )  and can b e  o b t a i n e d  by a  DP a l g o r i t h m  
of a s u i t a b l e  d i r e c t i o n  (backward o r  fo rward) .  The o p t i m a l  t r a j e c t o r y  
is  r e t r i e v e d  by means o f  computations which f o l l o w  a d i r e c t i o n  c o n t r a r y  
t o  t h e  one used i n  t h e  s o l u t i o n  of t h e  DP r e c u r s i v e  e q u a t i o n .  
The s t e p  i n d i c a t e d  i n  block 5  of Fig.  1 i s  performed f o r  every 
i t e r a t i o n  of a  computation cycle .  Hence, i t  i s  e s s e n t i a l  t h a t  t h e  o p t i -  
miza t ion  a lgor i thm be  a s  e f f i c i e n t  as  p o s s i b l e .  A d i s cus s ion  on t h e  
va r ious  means of i n c r e a s i n g  the  e f f i c i e n c y  of DP a lgor i thms  i s  beyond the  
scope of t h i s  s t udy ,  b u t  a  d e t a i l e d  t rea tment  of such sea rch  procedures  
can be found i n  a  number of t e x t s  on op t imiza t ion  [ f o r  example, Wilde, 
19641. 
3-5. Tests f o r  Convergence 
The purpose of t he se  t e s t s  [ s ee  block 6  of Fig.  11 i s  twofold: 
(a )  t o  determine,  f o r  t h e  l a s t  computation cyc le  of t h e  DDDP procedure,  
whether o r  n o t  t he  op t imal  t r a j e c t o r y  has  been approached; and (b) t o  
dec ide ,  f o r  any in t e rmed ia t e  cyc l e ,  i f  t he  opt imal  t r a j e c t o r y  r e s u l t i n g  
from a  given i t e r a t i o n  of the  cyc le  r ep re sen t s  a  s i g n i f i c a n t  improvement 
over  t h e  t r i a l  t r a j e c t o r y  of t h e  cycle .  
A. Tes t s  f o r  In te rmedia te  Cycles. T h e o r e t i c a l l y ,  t h e  t r i a l  
t r a j e c t o r y  f o r  any cyc le  should be  the  op t imal  one corresponding t o  t h e  
prev ious  cyc l e ,  s o  t h a t  t he  t r i a l  t r a j e c t o r y  r e p r e s e n t s  t h e  b e s t  approxima- 
t i o n  of t h e  o v e r a l l  opt imal  t r a j e c t o r y  a v a i l a b l e  a t  t h e  beginning of t h e  
cycle .  As p r ev ious ly  i n d i c a t e d ,  t h e  op t imal  t r a j e c t o r y  f o r  each cyc l e  
i s  approached i t e r a t i v e l y ;  each i t e r a t i o n  provides  a  t r a j e c t o r y  whose 
r e t u r n  i s  a t  least equa l  t o  t he  r e t u r n  of  t h e  t r a j e c t o r y  f o r  t h e  preceding 
i t e r a t i o n .  However, t h e  improvement i n  r e t u r n  from t r a j e c t o r i e s  of 
consecut ive i t e r a t i o n s  decreases  a s  t h e  number of i t e r a t i o n s  i n c r e a s e s ,  
the l a r g e s t  improvement corresponding t o  t h e  f i r s t  i t e r a t i o n ;  t h a t  i s ,  
* * ( F * )  > ( F - F )  ; i = 2 ,  3, . . . , I 
1 0  
where F" n  = 1, 2 ,  . . . , I ,  r e p r e s e n t s  t h e  r e t u r n  from t h e  o p t i m a l  t r a j e c -  
n  ' 
t o r y  f o r  t h e  n-th i t e r a t i o n  of a g iven  c y c l e ,  I: is t h e  maximum number of 
* i t e r a t i o n s  p e r  c y c l e ,  and Fo i s  t h e  r e t u r n  a s s o c i a t e d  w i t h  t h e  i n i t i a l  
t r i a l  t r a j e c t o r y .  
Then, a measure of t h e  improvement of t h e  r e t u r n s  from consec- 
u t i v e  i t e r a t i o n s ,  r e l a t i v e  t o  t h e  improvement o b t a i n e d  i n  t h e  f i r s t  
i t e r a t i o n ,  i s  g iven  by 
I f ,  d u r i n g  any of t h e  i n t e r m e d i a t e  c y c l e s ,  t h e  i t e r a t i v e  p r o c e s s  y i e l d s  a  
v a l u e  o f  6 .  which does n o t  r e p r e s e n t  a  s i g n i f i c a n t  improvement i n  t h e  
1 
r e  t u r n  ; t h a t  i s ,  whenever 
t h e n  t h e  computation c y c l e  shou ld  be  t e rmina ted .  A v a l u e  o f  0.10 f o r  E 
h a s  been found s a t i s f a c t o r y  i n  t h i s  s t u d y .  
It s h o u l d  b e  no ted  t h a t ,  w h i l e  t h i s  test may p r e v e n t  t h e  o p t i m a l  
t r a j e c t o r y  f o r  an i n t e r m e d i a t e  c y c l e  from be ing  approached,  i t  does 
p r o v i d e  a s a t i s f a c t o r y  t r i a l  t r a j e c t o r y  f o r  t h e  n e x t  c y c l e  w i t h i n  a  
s m a l l  number of i t e r a t i o n s .  Since  an i t e r a t i o n  i n c l u d e s  t h e  s o l u t i o n  
of an o p t i m i z a t i o n  problem ( S e c t i o n  3-4), t h i s  t e s t  w i l l  g i v e  a s a t i s f a c -  
t o r y  t r i a l  t r a j e c t o r y  a t  s u b s t a n t i a l  s a v i n g s  i n  computer t ime.  
B. T e s t  f o r  t h e  F i n a l  Cycle. This  t e s t  i s  des igned  t o  determine 
t h e  convergence of t h e  DDDP a l g o r i t h m  toward t h e  s o l u t i o n  f o r  t h e  opt imiza-  
t i o n  problem. It c o n s i s t s  of a s s e s s i n g ,  f o r  every  i t e r a t i o n  o f  t h e  f i n a l  
c y c l e ,  i f  
where X i s  an  a r b i t r a r y  convergence paramete r  and a l l  o t h e r  terms have been 
d e f i n e d  b e f o r e .  For p r a c t i c a l  purposes ,  a  v a l u e  of X = 0.001 can b e  con- 
s i d e r e d  adequa te .  . 
As soon a s  t h e  convergence c r i t e r i o n  of Eq. (3-11) is o b t a i n e d ,  
t h e  DDDP p rocedure  s t o p s ,  t h e n ,  t h e  op t imal  s o l u t i o n  of t h e  o p t i m i z a t i o n  
problem is r e p r e s e n t e d  by t h e  t r a j e c t o r y  which y i e l d s  t h e  optium r e t u r n  
I V .  ILLUSTRATIVE EXAMPLES 
4-1. Exainple 1: Opera t ion  of a  Mult i -Purpose ,  Mult i -Uni t  System. 
T h i s  example, adapted from H e i d a r i ,  Chow, and Meredi th  [1971] , 
is  employed t o  i l l u s t r a t e  i n  d e t a i l  t h e  DDDP p rocedure  d i s c u s s e d  i n  t h e  
p r e v i o u s  c h a p t e r .  
A.  D e s c r i p t i o n  of t h e  System. The w a t e r  r e s o u r c e s  sys tem as 
shown i n  F ig .  5 c o n s i s t s  of f o u r  r e s e r v o i r s  which c o n t r o l  t h e  f low i n  two 
s t reams  p r i m a r i l y  f o r  t h e  purposes  of hydropower p r o d u c t i o n  and i r r i g a t i o n  
w a t e r  supp ly .  The o p e r a t i o n  of t h e  r e s e r v o i r s  i s  s u b j e c t  t o  s e a s o n a l  
s t o r a g e  requ i rements  f o r  f l o o d  c o n t r o l ,  which d i c t a t e  t h e  maximum s t o r a g e  
c a p a c i t y  of t h e  r e s e r v o i r s ;  and t o  requ i rements  f o r  r e c r e a t i o n  and f i s h  
c o n s e r v a t i o n  i n  t h e  r e s e r v o i r s ,  which impose a  minimum s t o r a g e  c a p a c i t y .  
Table  1 shows t h e  f e a s i b l e  range of v a r i a t i o n  of t h e  s t o r a g e  i n  t h e  f o u r  
r e s e r v o i r s  on a  monthly b a s i s .  
The n a t u r a l  in f lows  i n t o  r e s e r v o i r s  1 and 2 a r e  g iven  i n  F ig .  6 
and r e p r e s e n t  t h e  h y d r o l o g i c  i n p u t  t o  t h e  system. 
P r i o r  w a t e r  r i g h t s  downstream of each r e s e r v o i r  r e q u i r e  t h a t  
r e s e r v o i r  r e l e a s e s  b e  n o t  less than  a  s p e c i f i e d  minimum amount. F u r t h e r -  
more, t h e  c a p a c i t y  o f  t h e  power g e n e r a t o r s  s e t s  a  maximum l i m i t  t o  
r e s e r v o i r  r e l e a s e s .  Maximum and minimum l i m i t s  f o r  t h e  r e s e r v o i r  r e l e a s e s  
i n  t h i s  sys tem a r e  g iven  i n  Table  2.  
The system i s  t o  b e  o p e r a t e d  on a  monthly b a s i s  and t h e  r e s e r v o i r s  
beg in  and end t h e i r  y e a r l y  o p e r a t i o n a l  c y c l e  w i t h  g iven  amounts of w a t e r  
s t o r e d  a s  shown i n  Tab le  3 .  
The n e t  revenues  from hydropower and i r r i g a t i o n  o b t a i n e d  from t h e  
o p e r a t i o n  of t h e  sys tem a r e  assumed p r o p o r t i o n a l  t o  t h e  r e s e r v o i r  r e l e a s e s .  
The u n i t  n e t  revenue f u n c t i o n  f o r  each  r e s e r v o i r  is p r e s e n t e d  i n  Tab le  4. 
Table  1. Range of P e a s i b l e  S torage  C a p a c i t i e s  f o r  Rese rvo i r s  of Example 1 
(1000 a c - f t )  
Capaci ty  of Capaci ty  of Capaci ty  of Capaci ty  of 
Month Reservo i r  1, 1 Reservo i r  2 ,  2 Reservoir  3 ,  S3 Rese rvo i r  4,  S 4  
- - 
max min max min max min max min 
Table  2.  Range of F e a s i b l e  Reservo i r  Re leases  f o r  Example 1 
1000 2 3 
Release  from 
D4 
Release  from Release  from Release  from 
ac-f t Reservo i r  1 Reservo i r  2 Reservo i r  3 Reservo i r  4 
Table  3. Sto rage  i n  t h e  Reservo i r s  a t  t h e  Beginning and Ending of a Year ' s  
Cycle f o r  Example 1 
Reservo i r  N S torage ,  1000 a c - f t  
1 600 
2 600 
3 600 
4 800 
Table 4. Unit Net Revenue Functions for Example 1 
($/1000ac-f t Imo) 
Reservoir 1 Reservoir 2 Reservoir 3 Reser~rnir 4 . 
Month 
(Hydropower) (Hydropower) (Hydropower) (Hydropower 
and 
Irrigator) 
B. Formulat ion of t h e  0 p t i m i z a t : i o n  Problem. The o b j e c t i v e  of 
t h e  o p t i m i z a t i o n  of t h e  w a t e r  r e s o u r c e s  sys tem i s  t o  o b t a i n  t h e  maximum 
n e t  revenue from t h e  y e a r l y  (12-month) o p e r a t i o n  of t h e  sys tem f o r  
hydropower p roduc t ion  and i r r i g a t i o n  w a t e r  s u p p l y ;  t h a t  i s ,  t o  
max 1 1 C,(t) Dm(t) 
t=l m = l  
where C ( t )  i s  t h e  n e t  revenue from a  u n i t  r e l e a s e  from t h e  m-th 
m 
r e s e r v o i r  d u r i n g  t h e  t - t h  month (Tab le  4) and D ( t )  i s  t h e  r e l e a s e  from 
m 
t h e  m-th r e s e r v o i r  d u r i n g  t h e  t - t h  month. T h i s  maximizat ion i s  s u b j e c t  
t o  t h e  f o l l o w i n g  requirements :  
( a )  S t o r a g e  C o n s t r a i n t s .  The s t o r a g e  a t  t h e  beg inn ing  of t h e  
f i r s t  month of any y e a r  shou ld  b e  a  known q u a n t i t y  (Table  3 ) :  
Sm( l )  = 600,000 ac - f t ;  m =  1, 2 ,  3 
S 4 ( l )  = 800,000 a c - f t  
Because t h e  sys tem is o p e r a t e d  on a  monthly b a s i s  b u t  w i t h  y e a r l y  c y c l e s ,  
For  a l l  o t h e r  months, t h e  s t o r a g e  i n  t h e  r e s e r v o i r s  should  belong 
t o  t h e  s e t  of a d m i s s i b l e  s t o r a g e s  a s  i n d i c a t e d  i n  Tab le  1; t h a t  i s ,  
max ( t ) ;  t = 2 ,  ..., 1 2  
m 
where S ( t )  i s  t h e  s t o r a g e  i n  t h e  m-th r e s e r v o i r  a t  t h e  beg inn ing  of t h e  
m 
t - t h m o n t h ;  and smin(t) and smax(t )  a r e ,  r e s p e c t i v e l y ,  t h e  minimum and 
m m 
maximum s t o r a g e s  i n  t h e  m-th r e s e r v o i r  a t  t h e  beg inn ing  of t h e  t - t h  month. 
(b )  Re lease  C o n s t r a i n t s .  The r e s e r v o i r  r e l e a s e s  d u r i n g  any 
month shou ld  be long  t o  t h e  range  of f e a s i b l e  r e l e a s e s  (Table  2 ) :  
Dmin max ( t ) ( ~ , ( t )  ( D m  ( t ) ;  t = 1, 2 ,  ... , 12  
m 
where D ( t )  r e p r e s e n t s  t h e  volume r e l e a s e d  from t h e  m-th r e s e r v o i r  d u r i n g  
m 
max 
t h e  t - t h  month; and ~:"(t) and Dm ( t )  are, r e s p e c t i v e l y ,  t h e  lower and 
upper  l i m i t s  f o r  t h e  r e l e a s e  from t h e  m-th r e s e r v o i r  d u r i n g  t h e  t - t h  
month. 
( c )  System Transformat ion Func t ions .  They are expressed  by t h e  
p r i n c i p l e  of c o n t i n u i t y  f o r  each  r e s e r v o i r :  
S l ( t )  = S l ( t + l )  + Dl(t )  - I ( t ) ;  t = 1, 2 ,  ..., 12 1 
S ( t )  = S 2 ( t + l )  + D 2 ( t )  - I ( t ) ;  t = 1, 2 ,  ..., 12 2  2  
(4-5) 
S  ( t )  = S 3 ( t + l )  + D ( t )  - D ( t ) ;  t = 1, 2 ,  ..., 12 3  3  2  
where I ( t )  and I ( t )  a r e  t h e  i n f l o w s  i n t o  r e s e r v o i r s  1 and 2 ,  r e s p e c t i v e l y ,  1 2 
d u r i n g  t h e  t - t h  month (F ig .  6 ) ,  and a l l  o t h e r  terms have been d e f i n e d  
p r e v i o u s l y .  
I n  t h e  DP f o r m u l a t i o n  of t h i s  problem, t h e r e  e x i s t  12 s t a g e s  
( t  = 1, 2 ,  ..., 1 2 ) ;  a four-dimensional  s t a t e  v e c t o r  
and a  four -d imens iona l  d e c i s i o n  v e c t o r  
The DP r e c u r s i v e  e q u a t i o n  is  e x p r e s s e d ,  f o r  any s t a g e  t ,  a s  
s u b j e c t  t o  t h e  c o n s t r a i n t s  o f  Eqs. (4-2) t o  (4-5). 
C. S o l u t i o n  by DDDP. ( a )  Q u a n t i z a t i o n  of S t a t e  V a r i a b l e s .  The 
s m a l l e s t  d i v i s i o n  f o r  each  s t a t e  v a r i a b l e  i s  s e l e c t e d  as1000  a c - f t .  Hence, 
the  t o t a l  number of q u a n t i z e d  v a l u e s  f o r  each  v a r i a b l e  changes w i t h  t h e  
month, w i t h i n  t h e  l i m i t s  i n d i c a t e d  i n  Table  5. By t h e  DDDP procedure ,  only  
a  few of t h e s e  v a r i a b l e s  a r e  cons idered  a t  a  t i m e .  
(b)  C o r r i d o r s .  I n  app ly ing  t h e  DDDP procedure ,  8 c y c l e s  a r e  con- 
s i d e r e d ,  and f o r  each  c y c l e  a  maximum number of i t e r a t i o n s ,  15,  i s  p e r m i t t e d .  
The c o r r i d o r  w i d t h s  f o r  each c y c l e  a r e  chosen a s  shown i n  Table  6 .  Using 
t h e s e  w i d t h s ,  3-valued c o r r i d o r s  a r e  c o n s t r u c t e d  around t h e  t r i a l  t r a j e c t o r i e s .  
( c )  I n i t i a l  T r i a l  T r a j e c t o r y .  I n  Table  4,  i t  can b e  observed 
t h a t  t h e  n e t  revenue p e r  u n i t  of r e s e r v o i r  r e l e a s e  i s  g r e a t e r  f o r  t h e  months 
5  through 1 0  than f o r  o t h e r  months o f  t h e  y e a r .  T h e r e f o r e ,  an i n i t i a l  t r i a l  
t r a j e c t o r y  i s  c o n s t r u c t e d  which a l lows  l a r g e  r e l e a s e s  d u r i n g  t h o s e  months. 
The t r a j e c t o r y  s o  g e n e r a t e d  i s  p r e s e n t e d  i n  Table  7 and i t s  r e t u r n  i s  
Table  5. Number of Q u a n t i z e d  Values f o r  
S t a t e  V a r i a b l e s  i n  Example 1 
Number of Values 
V a r i a b l e  
max min 
Table  6 .  Cor r idor  Widths f o r  S t a t e  V a r i a b l e s  
i n  Example 1 
C o r r i d o r  Width, 1000 a c - f t  
Cycle 
Table 7. I n i t i a l  T r i a l  Tra jec tory  f o r  Example 1 
Storage a t  beginning of month Release dur ing  month 
(1000 ac - f t )  (1000 ac - f t )  
Mon t h  
1 S2 S3 >, 4 D2 3 D4 
(d)  T e s t s  f o r  Convergence. The f o l l o w i n g  convergence paramete rs  
a r e  used: E = 0.10 and X = 0.001. 
( e )  R e s u l t s .  F ig .  7  shows t h e  o v e r a l l  convergence of t h e  pro- 
cedure  toward t h e  o p t i m a l  s o l u t i o n .  It can b e  s e e n  t h a t  no i n t e r m e d i a t e  
c y c l e  more than 4  i t e r a t i o n s  i s  needed t o  converge t o  a  s a t i s f a c t o r y  t r i a l  
t r a j e c t o r y  f o r  t h e  n e x t  c y c l e .  The o p t i m a l  s o l u t i o n  is  p r e s e n t e d  i n  
Table  8. It  can b e  n o t e d  t h a t  r e l e a s e s  a t  o r  n e a r  t h e  maximum r e s e r v o i r  
r e l e a s e s  shou ld  b e  made dur ing  t h e  months o f  h i g h e s t  u n i t  n e t  revenue 
(Table  4 ) .  The n e t  r e t u r n  o b t a i n e d  from t h e  o p t i m a l  o p e r a t i o n  of t h e  
sys tem i s  $3,079,800. 
Because, i n  t h i s  p a r t i c u l a r  example, t h e  o b j e c t i v e  f u n c t i o n ,  
Eq .  (4-l) , i s  l i n e a r ,  i t  i s  p o s s i b l e  t o  check t h e  accuracy of t h e  DDDP 
s o l u t i o n  a g a i n s t  t h e  r e s u l t s  of a l i n e a r  programming (LP) f o r m u l a t i o n  of 
t h e  problem. The o p t i m a l  s o l u t i o n  by t h e  LP methodology i s  $3,082,665. 
T h e r e f o r e ,  t h e  DDDP s o l u t i o n  d i f f e r s  l e s s  than 0.1% from t h e  LP s o l u t i o n .  
For a l l  p r a c t i c a l  purposes ,  t h i s  d i f f e r e n c e  is n e g l i g i b l e .  
4-2. Example 2:  Opera t ion  of a  M u l t i r e s e r v o i r  Flood C o n t r o l  System 
I n  t h i s  s e c t i o n ,  t h e  o p t i m i z a t i o n  of t h e  d a i l y  o p e r a t i o n  of a  
f l o o d  c o n t r o l  s y s  tem is p r e s e n t e d .  The example, adap ted  from Shaufe lberger  
[1971] ,  i l l u s t r a t e s  t h e  system-decomposit ion approach t o  d e r i v e  t h e  i n i t i a l  
t r i a l  t r a j e c t o r y  by t h e  DDDP procedure .  
A .  The Flood Cont ro l  System. The t h r e e - r e s e r v o i r  f l o o d  c o n t r o l  
sys tem is  s k e t c h e d  i n  F ig .  8. There e x i s t  4 flood-damaging r e a c h e s  
(DRm; m = 1, . . . , 4 ) ,  and 5  s t reams  whose f lows ( I  5 ,  I g y  I l ly  I 1 2 ,  5 3 )  
a r e  n o t  c o n t r o l l e d  by t h e  r e s e r v o i r s .  The purpose  of t h i s  r e s e r v o i r  
sys tem i s  t o  modify t h e  n a t u r a l  f lows i n  t h e  c o n t r o l l e d  s t r e a m s  ( I  , Y I2 Y 5 )  
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s o  a s  t o  minimize t h e  a n n u a l  f l o o d  damages i n  t h e  flood-damaging r e a c h e s .  
Although t h e  t h r e e  r e s e r v o i r s  a r e  b a s i c a l l y  s ing le -purpose  f l o o d  c o n t r o l  
r e s e r v o i r s ,  s e a s o n a l  p o o l s  have  been s p e c i f i e d  f o r  r e c r e a t i o n  and w i l d  
l i f e .  Fig .  9 p r e s e n t s  t h e  v a r i a t i o n  of t h e  s t o r a g e  a v a i l a b l e  f o r  f l o o d  
c o n t r o l  as a r e s u l t  of t h e  s e a s o n a l  p o o l  requ i rements .  A minimum r e l e a s e  
f o r  each r e s e r v o i r  h a s  been e s t a b l i s h e d  a t  20 c f s .  The maximum r e l e a s e  
f o r  a g i v e n  s t o r a g e  i n  each r e s e r v o i r  depends on t h e  c a p a c i t y  o f  i t s  
o u t l e t  works.  I n  F ig .  10 ,  t h e  maximum r e l e a s e s  a r e  shown a s  f u n c t i o n s  
of t h e  s t o r a g e  i n  each r e s e r v o i r .  
Routing e q u a t i o n s  d e s c r i b i n g  t h e  flow of w a t e r  through t h e  
sys tem from t h e  d i s t r i b u t e d  i n p u t s  t o  t h e  sys tem o u t p u t  a r e  o b t a i n e d  by 
a m u l t i p l e  l i n e a r  r e g r e s s i o n  a n a l y s i s  of h i s t o r i c  s t reamf law r e c o r d s  a s  
fo l lows :  
(a )  Discharge a t  Reach 2. 
where I ( t )  and I ( t -1)  a r e  t h e  f lows a t  r each  2  d u r i n g  days t and t-1; 7 7 
D ( t )  and D ( t )  a r e  t h e  r e l e a s e s  from r e s e r v o i r s  1 and 2 dur ing  day t ;  1 2 
I ( t ) ,  I ( t)  and I ( t )  a r e  t h e  f lows a t  gaging s t a t i o n s  4 ,  5 ,  and 6 4 5  6 
d u r i n g  day t. 
(b)  For  Discharge a t  Reach 3 .  
where I ( t )  and 110 (t-1)  a r e  t h e  d i s c h a r g e s  a t  reach  3 d u r i n g  days t and 10 
t-1; D ( t )  is  t h e  r e l e a s e  from r e s e r v o i r  3  du r ing  day t ;  I ( t )  i s  t h e  stream- 3  9 
f low a t  gaging s t a t i o n  9 du r ing  day t ;  and I ( t )  h a s  been de f i ned  above. 7 
( c )  For Discharge a t  Reach 4. 
where I ( t )  and I (t-1) a r e  t h e  d i s cha rges  a t  r each  4  du r ing  days t and 14  1 4  
t-1; and I t , I l1 t -1  , I 1 t  , I 1 t - 1  , I 1 3 ( t  and I ( t -1)  a r e  t h e  11 1 3  
s t reamflows a t  gaging s t a t i o n s  11, 12, and 13, r e s p e c t i v e l y ,  dur ing  days t 
and t-1. 
Flood damages accrue  i n  t h e  form of non-crop and crop damages. 
Non-crop damages a r e  g iven  i n  Fig .  l l a s  f u n c t i o n s  of t h e  f low a t  each 
reach ;  crop damages a r e  f unc t i ons  of  bo th  t h e  d i s cha rge  a t  t h e  damage 
reaches  and t h e  time of t h e  f l ood  occur rence ,  a s  i l l u s t r a t e d  i n  F ig s .  12 
and 13 .  
B. Formulat ion of  t h e  Opt imizat ion Problem. The o p e r a t i o n a l  
o b j e c t i v e  of t h e  mu l t i - un i t  f l o o d  c o n t r o l  system i s  min imiza t ion  of f l ood  
damages ; t h a t  i s ,  
4  T=365 
Min 1 1 DAM. [ E ( t )  1 
J j=l  t=l 
where DAM. [ E ( t ) ]  r e p r e s e n t s  t h e  crop and non-crop damages i n  t h e  j - th  
J 
reach a s  a  r e s u l t  of t h e  set 5 ( t ) ,  m = 1, 2 ,  3,  of r e l e a s e s  from t h e  
m 
r e s e r v o i r  s y s  tem d u r i n g  t he  t - th  day. 
A s  can be  s e e n  from t h e  damage. f u n c t i o n s  i n  F i g s .  11 t o  1 3  w i t h  
t h e  r o u t i n g  e q u a t i o n s  (4-9) t o  ( 4 - l l ) ,  t h e  o b j e c t i v e  f u n c t i o n  o r  Eq. (4-12) 
i s  n o n l i n e a r .  Fur thermore,  because  f l o o d  damage i n  any reach  i s  a  f u n c t i o n  
of b o t h  r i v e r  d i s c h a r g e  and t i m e ,  t h e  problem i s  one of s e q u e n t i a l  d e c i s i o n s  
b o t h  i n  t i m e  and space .  A s  shown by t h e  lagged v a r i a b l e s  i n  t h e  r o u t i n g  
e q u a t i o n s  (4-9) t o  ( 4 - l l ) ,  w a t e r  r e l e a s e d  from t h e  r e s e r v o i r s  r e q u i r e  t ime 
t o  f low through t h e  s y s  tem. Thus, a forward DP a l g o r i t h m  f o r  t h e  T-day 
o p e r a t i o n a l  p r o c e s s  (T=365) may be  developed,  w i t h  d a i l y  r e s e r v o i r  r e l e a s e s  
a s  t h e  d e c i s i o n  v a r i a b l e s ,  s t o r a g e  volumes as t h e  s t a t e  v a r i a b l e s ,  and 
t i n e  t a s  t h e  s t a g e  v a r i a b l e .  The DP r e c u r s i v e  e q u a t i o n  may b e  w r i t t e n  as :  
- 
(S ) = Min 2  DAM^[^(^)] + F ~ ( H ~ ) }  Ft+l t+l j=1 
- 
where F (S ) and F (S ) a r e  t h e  minimum damages from t h e  beg inn ing  of t+l t+l t t 
t h e  y e a r  t o  t h e  beg inn ing  of days t+l and t ,  r e s p e c t i v e l y ,  a s  f u n c t i o n s  
of t h e  sets of s t o r a g e  volumes S and S r e s p e c t i v e l y ,  a t  t h e  beg inn ing  
t+ 1 t ' 
of t h e s e  days;  DAM. [ E ( t ) ]  h a s  been d e f i n e d  b e f o r e ;  and t h e  s e t s  5 and 
J t+l 
- 
S a r e  g iven  by 
t 
- 
St = S ( t ) ;  n  = 1, 2 ,  3  
m 
(4-14) 
The s o l u t i o n  of t h e  DP r e c u r s i v e  e q u a t i o n  (4-13) i s  s u b j e c t  t o  
f o l l o w i n g  c o n d i t i o n s  : 
( a )  S to rage  C o n s t r a i n t s .  
max 
SPm(t)  s s m ( t )  5 S ( t ) ;  m = 1, 2 ,  3;  t = 1, 2 ,  ..., T m (4-15) 
where S ( t )  i s  t h e  s t o r a g e  i n  t h e  m-th r e s e r v o i r  a t  t h e  beg inn ing  of t h e  
m 
m-th day;  SP ( t )  i s  t h e  s e a s o n a l  p o o l  requi-rement i n  t h e  m-th r e s e r v o i r  
m 
a t  t h e  beg inn ing  of t h e  t - t h  day;  s m a x ( t )  i s  t h e  maximum s t o r a g e  f o r  f l o o d  
m 
c o n t r o l  i n  r e s e r v o i r  m a t  t h e  beg inn ing  of t h e  t - t h  day. The range  of 
v a r i a t i o n  of t h e  u s a b l e  s t o r a g e  volume f o r  f l o o d  c o n t r o l  i s  g i v e n  i n  F ig .  9 .  
Fur thermore,  t h e  sys tem o p e r a t i o n  i s  s u b j e c t  t o  t h e  requ i rement  t h a t  t h e  
r e s e r v o i r s  b e  a t  t h e i r  s e a s o n a l  p o o l s  a t  t h e  beg inn ing  of t h e  f i r s t  day of 
each  y e a r ;  t h a t  i s ,  
(b) Re lease  C o n s t r a i n t s  . 
20 c f s  s ~ ~ ( t )  [ ~ ~ ( t ) ] ;  m =  1, 2 ,  3 ;  t =  1, 2 ,  ..., T (4-17) 
where D ( t )  h a s  been d e f i n e d  b e f o r e ;  and D~~~ [ S m ( t ) ]  i s  t h e  maximum r e l e a s e  
m m 
from t h e  m-th r e s e r v o i r  dur ing  t h e  t - t h  day a s  a f u n c t i o n  of t h e  s t o r a g e  
volume S ( t )  a t  t h e  beg inn ing  of t h a t  day (Fig .  1 0 ) .  
m 
( c )  System Transformat ion Func t ions .  These a r e  t h e  e x p r e s s i o n s  
f o r  t h e  p r i n c i p l e  of c o n t i n u i t y  f o r  each r e s e r v o i r :  
where I ( t )  i s  t h e  n a t u r a l  f low i n t o  t h e  m-th r e s e r v o i r  d u r i n g  day t, and 
m 
a l l  o t h e r  terms have been d e f i n e d  b e f o r e .  
C. S o l u t i o n  by DDDP. ( a )  I n i t i a l  T r i a l  T r a j e c t o r y .  I n  o r d e r  
t o  f i n d  a c lose- to-opt imal  sys tem o p e r a t i n g  p o l i c y ,  a s p a t i a l  i n c r e m e n t a l  
dynamic programming (SIDP) t echn ique  i s  developed,  based  on t h e  concep t s  
of t h e  system-decomposit ion approach ( S e c t i o n  3-2). The t echn ique  b e g i n s  
w i t h  t h e  d i v i s i o n  of t h e  f l o o d  c o n t r o l '  sys tem i n t o  t h r e e  s p a t i a l  sub- 
s y s  tems , each  of which c o n t a i n s  'only one r e s e r v o i r ,  as i l l u s t r a t e d  i n  
F ig .  14.  S t a r t i n g  w i t h  t h e  uppermost subsystem,  t h e  a l g o r i t h m  i s  c a r r i e d  
through down t h e  r i v e r ,  i n  an i n c r e m e n t a l  manner, o p t i m i z i n g  t h e  o p e r a t i o n  
of each  subsystem o v e r  a l l  t h e  T days ,  s u b j e c t  t o  t h e  subopt imal  o p e r a t i n g  
p o l i c i e s  of t h e  upst ream subsystems. 
The SIDP methodology b e g i n s  w i t h  subsystem A o p t i m i z i n g  t h e  
o p e r a t i o n  of r e s e r v o i r  1, and c o n s i d e r i n g  o n l y  f l o o d  damages a t  r e a c h  1. 
The o p e r a t i o n  of r e s e r v o i r  2 is  op t imized  c o n s i d e r i n g  only  subsystem B ,  
t a k i n g  i n t o  account  t h e  damages i n  reach  2 e x c l u s i v e l y ,  w i t h  d a i l y  re -  
l e a s e s  from r e s e r v o i r  1 as o b t a i n e d  accord ing  t o  t h e  p r e v i o u s l y  determined 
o p e r a t i n g  p o l i c y .  I n  op t imiz ing  t h e  o p e r a t i o n  of r e s e r v o i r  2 ,  d a i l y  
s t reamf lows  i n  r e a c h  2 a r e  e s t a b l i s h e d  accord ing  t o  t h e  r o u t i n g  e q u a t i o n  
(4-9). Next,  t h e  o p e r a t i o n  of r e s e r v o i r  3 i s  op t imized  c o n s i d e r i n g  sub- 
sys tem C. Da i ly  r e l e a s e s  from t h e  upst ream r e s e r v o i r s  a r e  f i x e d  i n  
accordance w i t h  p r e v i o u s l y  determined r e l e a s e  p o l i c i e s .  The s t reamflow 
a t  r e a c h  3 i s  determined w i t h  r o u t i n g  e q u a t i o n  (4-10) and t h a t  a t  r e a c h  4 
w i t h  r o u t i n g  e q u a t i o n  (4-11). Only damages i n  t h o s e  two reaches  a r e  con- 
s i d e r e d  i n  t h e  o p t i m i z a t i o n  of subsystem C. 
The o p e r a t i o n  of each  r e s e r v o i r  is op t imized  i n d i v i d u a l l y  by 
DDDP o p t i m i z a t i o n  t echn ique .  Because each  subsystem h a s  o n l y  one 
state v a r i a b l e ,  i t  cou ld  a l s o  b e  op t imized  by c o n v e n t i o n a l  DP. By u s i n g  
DDDP, however, a f i n e r  g r i d  of s t a t e - v a r i a b l e  v a l u e s  can b e  d e f i n e d .  
The i n i t i a l  t r i a l  t r a j e c t o r y  i s  t h a t  d e f i n e d  by t h e  s e a s o n a l  p o o l  s t o r a g e  
f o r  each  r e s e r v o i r .  A s i n g l e - c y c l e  DDDP a l g o r i t h m  u s i n g  a c o r r i d o r  w i d t h  of 
1 . 6  k i l o  a c - f t  f o r  each  s ta te  v a r i a b l e  and an  11-valued c o r r i d o r  i s  developed. 
The a l g o r i t h m  t e r m i n a t e s  when t h e  i n c r e m e n t a l  r e d u c t i o n  i n  damage i t e r a t i o n  
i s  l e s s  than  one thousandth t h e  v a l u e  of damage f o r  t h e  last  i t e r a t i o n .  
(b)  C o r r i d o r s .  I n  app ly ing  t h e  DDDP procedure  f o r  t h e  opt imiza-  
t i o n  o f  t h e  e n t i r e  sys tem,  2 computation c y c l e s  a r e  c o n s i d e r e d ;  and f o r  each 
c y c l e ,  an a r b i t r a r y  maximum number of i t e r a t i o n s  i s  a l lowed.  The c o r r i d o r  
wid ths  used f o r  each  c y c l e  a r e  a s  fo l lows :  
C o r r i d o r  Width, 1000 a c - f t  
Computation 
Cycle "1 2 2 3 
1 3.2 3.2 3.2 3.2 
2 1 .6  1 .6  1 . 6  1 .6  
Using t h e s e  w i d t h s ,  3-valued c o r r i d o r s  a r e  c o n s t r u c t e d  around t h e  t r i a l  
t r a j e c t o r i e s .  
(c)  T e s t  f o r  Convergence. For b o t h  computat ion c y c l e s ,  t h e  t e s t  
f o r  convergence cor responding  t o  a f i n a l  c y c l e  ( S e c t i o n  3-5,B) is adopted 
w i t h  X = 0.001. 
(d )  R e s u l t s .  The r e s u l t  o f  o p t i m i z a t i o n  o f  t h e  sys tem f o r  t h e  
w a t e r  y e a r  1957 i s  p r e s e n t e d  i n  Fig .  1 5 ,  where curve  A g i v e s  t h e  r e s u l t  
co r responding  t o  a DDDP procedure  w i t h o u t  t h e  SIDP a l g o r i t h m  ( S e c t i o n  4-2, C ,a), 
and curve B i n d i c a t e s  t h e  r e s u l t  of i n c l u d i n g  such an a l g o r i t h m  i n  t h e  DDDP 
procedure .  The i n i t i a l  t r i a l  t r a j e c t o r y  f o r  t h e  DDDP procedure  i s  repre -  
s e n t e d  by t h e  sequence of s e a s o n a l  p o o l  s t o r a g e s  i n  t h e  t h r e e  r e s e r v o i r s .  
The number of computat ion c y c l e s  and t h e  c o r r i d o r  w i d t h s  a r e  a l s o  those  
g iven  above. By us ing  t h e  system-decomposit ion approved ( S e c t i o n  3-2) t o  
f i n d  t h e  i n i t i a l  t r i a l  t r a j e c t o r y ,  computer t i m e  r equ i rements  a r e  reduced 
from 83  minutes  t o  38 minutes .  It may b e  no ted  t h a t  t h e  number of i t e r a -  
t i o n s  r e q u i r e d  t o  reach  t h e  o p t i m a l  s o l u t i o n  w i t h  t h e  SIDP a l g o r i t h m  i s  
less t h a n  h a l f  t h e  number r e q u i r e d  w i t h o u t  i t  and t h a t  t h e r e  i s  l e s s  than 
one p e r c e n t  d i f f e r e n c e  between t h e  two s o l u t i o n s .  
4-3. Example 3: P lann ing  f o r  Expansion of a  Flood C o n t r o l  P r o j e c t  
Th is  example, adap ted  from Cor tes  [1.973], i l l u s t r a t e s  t h e  use  
of DDDP procedure  t o  s o l v e  high-dimensional  DP problems which arise i n  
t h e  a n a l y s i s  of w a t e r  r e s o u r c e s  sys tems p lann ing .  
A. D e s c r i p t i o n  o f  t h e  System. The sys tem f o r  a  f l o o d  c o n t r o l  
p r o j e c t  c o n s i s t s  of s t r u c t u r a l  components des igned  t o  c o n t r o l  f l o o d w a t e r s  
p h y s i c a l l y ,  and n o n - s t r u c t u r a l  components t o  reduce damages caused by 
overf lowing waters. F ig .  16 shows t h e  l o c a t i o n  of t h e  p r o j e c t  components 
on a  r i v e r  b a s i n .  A d e t e n t i o n  r e s e r v o i r  and two downstream l e v e e s  form 
t h e  s t r u c t u r a l  components of t h e  system. The a g r i c u l t u r a l  land-use i n  
t h e  t r a c t s  beh ind  and p r o t e c t e d  by t h e  l e v e e s  forms t h e  n o n - s t r u c t u r a l  
component . 
A prev ious  p a r a m e t r i c  l i n e a r  programming a n a l y s i s  o f  t h e  non- 
s t r u c t u r a l  components [ C o r t e s ,  19731 h a s  p rov ided  t h e  o p t i m a l  land-use 
p o l i c y  a s  w e l l  as t h e  n e t  economic b e n e f i t  from t h a t  p o l i c y ,  f o r  any 
sequence of e x p r e s s i o n  of t h e  s t r u c t u r a l  components. The o p t i m i z a t i o n  
problem t o  b e  s o l v e d  by t h e  DDDP procedure  then  c o n s i s t s  of f i n d i n g  t h e  
sequence o f  expansion of t h e  s t r u c t u r a l  components s o  t h a t  t h e  n e t  
economic b e n e f i t s  a r e  maximized o v e r  t h e  p lann ing  p e r i o d .  
Table 9  p r e s e n t s  t h e  p h y s i c a l  c h a r a c t e r i s t i c s  f o r  t h e  a l t e r n a t i v e  
magnitudes o f  t h e  s t r u c t u r a l  components of t h e  system. The t o t a l  c a p a c i t y  
of t h e  d e t e n t i o n  r e s e r v o i r  corresponds t o  t h e  c a p a c i t y  r e q u i r e d  t o  r o u t e  
s a f e l y  t h e  s p i l l w a y  des ign  f l o o d  through t h e  r e s e r v o i r ,  w i t h  a 5 - f t  
f r e e b o a r d ,  f o r  a g iven  c a p a c i t y  a t  t h e  s p i l l w a y  c r e s t  level.  S i n c e ,  f o r  
a l l  c a p a c i t i e s ,  t h e  o u t l e t  works a r e  assumed t h e  same, t h e  o n l y  v a r i a b l e  
5 6 
Table 9. Phys ica l  Data f o r  S t r u c t u r a l  Components 
Order Capacity 1000 ac- f t  Land Required f o r  Detention 
A t  Spillway Crest  To ta l  Reservoir (acres)  
0 0 0 
10 208.3 37 85 
20 245.3 4435 
30 272.8 49 39 
40 296.5 5373 
50 319.1 5 7 10 
6 0 339.3 5998 
Detention Reservoir 
Order Elevat ion a t  Levee 3 Volume Land Required f o r  
( f e e t  above m s  1)  (103 cu yd) Levee 3 (acres)  
Order Elevat ion  a t  Levee 4 
( f e e t  above msl) 
Volume 
( l o 3  cu ~ d )  
Land Required f o r  
Levee 4 (acres)  
i n  t h e  des ign  of t h e  d e t e n t i o n  r e s e r v o i r  i s  i t s  s t o r a g e  c a p a c i t y .  
The d e s i g n  v a r i a b l e  f o r  t h e  l e v e e s  i s  t h e i r  e l e v a t i o n  a t  t h e i r  
r e s p e c t i v e  c o n t r o l  gaging s t a t i o n s  a l o n g  t h e  r i v e r .  The a r e a s  r e q u i r e d  
f o r  t h e  c o n s t r u c t i o n  of t h e  l e v e e s ,  as w e l l  a s  t h e i r  embankment volumes 
are c a l c u l a t e d  us ing  t o p o g r a p h i c a l  i n f o r m a t i o n  and t y p i c a l  c r o s s  s e c t i o n s  
of t h e  l e v e e s .  The a r e a  r e q u i r e d  f o r  t h e  c o n s t r u c t i o n  of t h e  r e s e r v o i r  i s  
c a l c u l a t e d  accord ing  t o  t h e .  l and  inunda ted  i n  t h e  passage  o f  t h e  10-year 
f l o o d  through t h e  d e t e n t i o n  r e s e r v o i r .  
Economic b e n e f i t s  of t h e  p r o j e c t  w i l l  r e s u l t  from (a )  r e d u c t i o n  
of d i r e c t  and i n d i r e c t  f l o o d  damages; and (b) e f f i c i e n t  u t i l i z a t i o n  o f  
l a n d  and p r o p e r t i e s  w i t h i n  t h e  f l o o d p l a i n .  For  a g i v e n  degree  of f l o o d  
p r o t e c t i o n ,  d i r e c t  damages i n c r e a s e  w i t h  t ime a c c o r d i n g  t o  t h e  economic 
growth of t h e  f l o o d p l a i n .  I n d i r e c t  damages a r e  u s u a l l y  e v a l u a t e d  as a 
p e r c e n t a g e  of d i r e c t  damages. I n  t h i s  example, an  a r i t h m e t i c  growth r a t e  
of 2  p e r c e n t  p e r  y e a r  and an indirect -damage f a c t o r  of 25 p e r c e n t  a r e  
assumed, c o n s i d e r i n g  t h e  a g r i c u l t u r a l  c h a r a c t e r  of t h e  f l o o d p l a i n .  
The expec ted  annua l  d i r e c t  damage i s  a f u n c t i o n  of t h e  magnitude 
of t h e  s t r u c t u r a l  components. F igs .  17  t o  19 a r e  a  sample of t h r e e -  
d imensional  d i r e c t  damage f u n c t i o n s ,  from which o t h e r  similar f u n c t i o n s  
can b e  developed,  corresponding t o  f l o o d p l a i n  c o n d i t i o n s  e x i s t i n g  i n  t h e  
beg inn ing  of t h e  p lann ing  p e r i o d .  
Expected annua l  land-enhancement b e n e f i t s  from t h e  p r o j e c t  a r e  
t h e  d i f f e r e n c e  between t h e  expec ted  n e t  annua l  income w i t h  t h e  p r o j e c t  and 
t h e  expec ted  n e t  annua l  income i f  w i t h o u t  t h e  p r o j e c t .  The expec ted  annual  
income v a r i e s  w i t h  t h e  magnitude of t h e  p r o j e c t .  F igs .  20 and 2 1  are 
samples  of a three-dimension income f u n c t i o n ,  showing t h e  expec ted  income 
v a r i a t i o n .  
R e s e r v o i r  c o n s t r u c t i o n  c o s t s  a r e  e v a l u a t e d  accord ing  t o  t h e  
f o l l o w i n g  r e l a t i o n  adap ted  from Dawes and Wathne [1968]:  
where C i s  t h e  c o n s t r u c t i o n  c o s t  i n  d o l l a r s ,  S i s  t h e  t o t a l  s t o r a g e  capac- R 
i t y  i n  a c r e  f e e t ,  and HW i s  t h e  Handy-Whitman c o s t  i n d e x  f o r  t h e  y e a r  f o r  
which c o s t s  a r e  e s t i m a t e d .  The c o s t  o f  c o n s t r u c t i o n  of l e v e e s  a r e  e v a l u a t e d  
a s  
where C is t h e  c o n s t r u c t i o n  c o s t  i n  d o l l a r s ,  p  i s  t h e  u n i t  c o s t  i n  d o l l a r s  1 
p e r  c u b i c  y a r d ,  and V i s  t h e  embankment volume i n  c u b i c  y a r d s .  
Land a c q u i s i t i o n  c o s t s  a r e  computed as 
where CL i s  t h e  u n i t  land-value  a t  y e a r  t from t h e  beg inn ing  of t h e  p l a n n i n g  
t 
p e r i o d ,  r i s  t h e  a n n u a l  r a t e  of land-value  d i f f e r e n t i a l  i n f l a t i o n ,  and CLo d  
i s  t h e  u n i t  land-value  a t  t h e  beg inn ing  of t h e  p l a n n i n g  p e r i o d .  Opera t ion ,  
maintenance,  and replacement  c o s t s  a r e  assumed t o  b e  f i x e d  p e r c e n t a g e s  
(1.0 f o r  d e t e n t i o n  r e s e r v o i r  and 2.0 f o r  l e v e e s )  of c o n s t r u c t i o n  c o s t .  
B. Formulat ion of t h e  Opt imiza t ion  Problem. The purpose  of t h e  
a n a l y s i s  of t h e  expansion p r o c e s s  i s  t o  de te rmine  t h e  sequence of expansions  
of t h e  s t r u c t u r a l  components of a f l o o d  c o n t r o l  p r o j e c t  which would maximize 
t h e  n e t  economic b e n e f i t s  from t h e  p r o j e c t  th roughout  t h e  p e r i o d  of a n a l y s i s .  
I t  i s  assumed t h a t  t h e  p r o j e c t  i s  t o  b e  developed f o r  a p l a n n i n g p e r i o d  of 
N y e a r s ,  and t h a t  any expansion of t h e  p r o j e c t ,  i f  made a t  a l l ,  w i l l  b e  made 
e v e r y  A t  y e a r s .  The p l a n n i n g  p e r i o d  i s  then  d i v i d e d  i n t o  T  p l a n n i n g  sub- 
p e r i o d s ,  each  o f  d u r a t i o n  A t  y e a r s ;  t h a t  i s ,  
N = TAt (4-22) 
Expansions o f  t h e  p r o j e c t  w i l l  b e  cons idered  a t  t h e  beg inn ing  o f  each sub- 
p e r i o d ,  s o  t h a t  i t  w i l l  b e  e f f e c t i v e  th roughout  t h a t  and t h e  f o l l o w i n g  sub- 
p e r i o d s .  
L e t  t h e  s t a t e  v a r i a b l e s  r e p r e s e n t  t h e  magnitude of t h e  s t r u c t u r a l  
components of t h e  p r o j e c t  and a l s o  t h e  l a n d  a v a i l a b l e  t o  c o n s t r u c t  them. 
Cons ider ing  t h e  l a n d  a v a i l a b l e  a s  a  s t a t e  v a r i a b l e  a l lows  t h e  a n a l y s i s  of 
t h e  e f f e c t s  o f  land-value  d i f f e r e n t i a l  i n f l a t i o n  on t h e  t iming  o f  cons t ruc -  
t i o n  and e x p e n d i t u r e s  f o r  t h e  p r o j e c t .  A &dimensional  s t a t e  v e c t o r  5 
t 
a t  s t a g e  t can b e  d e f i n e d  a s  
where SmYt; m = 1, 2, ..., 6 ,  a r e  magnitudes of t h e  s t r u c t u r a l  components and 
t h e  amount of l a n d  a v a i l a b l e  f o r  t h e  p r o j e c t  d u r i n g  s t a g e  t .  
I n  a d d i t i o n ,  l e t  Bt b e  a 6-dim.ensiona1 d e c i s i o n  v e c t o r  
r e p r e s e n t i n g  t h e  expansion of t h e  p r o j e c t  a t  t h e  beg inn ing  of t h e  s t a g e  t ;  
t h a t  i s ,  
where D ; m = 1, 2, ..., 6 ,  are t h e  e x p r e s s i o n s  of t h e  p r o j e c t  components . 
m , t  
a t  t h e  beg inn ing  of t h e  t - t h  s t a g e .  
The, R(S ,D , t )  can b e  d e f i n e d  as t h e  v a l u e ,  a t  t h e  beg inn ing  of 
t t 
s t a g e  t ,  of t h e  n e t  economic b e n e f i t  from t h e  p r o j e c t  d u r i n g  t h a t  s t a g e ,  
and can be  e v a l u a t e d  a s  
where DAM[(? ) , t ]  i s  t h e  expected f l ood  damage dur ing  s t a g e  t which would 
t o  
occur  i n  t h e  f l o o d p l a i n  i f  no  s t r u c t u r a l .  components were i n  p l a c e ,  i .e . ,  
- - 
i f  t h e  s t a t e  dur ing  s t a g e  t were ( S  ) . DAM(S , D  , t )  i s  t h e  expected f l o o d  
t 0 '  t t 
damage du r ing  s t a g e  t which would occur  i f  t h e  s tate were S dur ing  t h a t  t 
s t a g e  a s  a  r e s u l t  of 5 . G- i s  t h e  n e t  income from t h e  a g r i c u l t u r a l  use  
t '  S t , t  
of t h e  l and  i n  t h e  f l o o d p l a i n  dur ing  s t a g e  t f o r  t h e  op t ima l  land-use 
p o l i c y  ( s ee  e a r l i e r  ment ioning i n  t h i s  S e c t i o n  about  pa r ame t r i c  l i n e a r  
programming a n a l y s i s  of t h e  n o n - s t r u c t u r a l  components) a s s o c i a t e d  w i th  
t h e  s t a t e  S . G - i s  t he  n e t  income from t h e  a g r i c u l t u r a l  use  of  t h e  
t '  ( S t ) o ' t  
l and  f o r  t he  op t imal  land-use p o l i c y  a s s o c i a t e d  w i t h  t h e  cond i t i ons  of  no  
s t r u c t u r a l  components i n  p l a c e ;  c(% , t )  i s  t h e  c o n s t r u c t i o n  and l and  
t 
a c q u i s i t i o n  c o s t s  of t h e  expansion % a t  s t a g e  t ;  and OMR (St ,Et, t )  i s  t h e  
t 
o p e r a t i o n ,  maintenance and replacement c o s t s  dur ing  s t a g e  t of  t h e  p r o j e c t  
components of magnitude S  as a  r e s u l t  of  t h e  expansion D . 
t t 
Thus, t h e  ob j k c t i v e  f u n c t i o n  of t h e  p lann ing  op t im iza t i on  problem 
can b e  w r i t t e n  as fo l lows :  
where r is t h e  annual  r a t e  of d i s coun t ,  and a l l  o t h e r  terms have been 
def ined  be fo r e .  
The DP r e c u r s i v e  equa t i on  f o r  a forward DP formula t ion  i s  then  
expressed  a s  
- - 
R(St ,Dt , t )  - 
F ~ ( S ~ )  = max [ + Ft-l (St-l) 1 
(I+,-) ( t - l )A t  
- 
where F ( S  ) and F (S ) r e p r e s e n t  t h e  maximum p r e s e n t  va lue s  of t h e  n e t  
t t t-1 t-1 
economic b e n e f i t s  of t h e  p r o j e c t  when i t  i s  i n  a  s t a t e  S du r ing  s t a g e  t ,  
t 
and i n  a  s t a t e  S dur ing  s t a g e  t-1, r e s p e c t i v e l y .  Th is  maximization i s  t-1 
s u b j e c t  t o  t h e  fo l l owing  cond i t i ons  : 
( a )  C o n s t r a i n t s  on t h e  S t a t e  Va r i ab l e s .  
max 
where S  i s  t h e  l a r g e s t  f e a s i b l e  magnitude of t h e  m-th p r o j e c t  component 
m 
(Table 9 ) .  
which i s  t h e  exp re s s ion  of an i n s t i t u t i o n a l  c o n s t r a i n t  and where 
S  j = 1, 2,  ..., Apm is  t h e  magnitude of  t h e  m-th s t r u c t u r a l  com- 
m y  t-j ' 
ponent dur ing  t h e  ( t - j ) - t h  p lann ing  subpe r iod ,  and Apm i s  t h e  number of 
consecu t ive  p lann ing  subper iods  dur ing  which t h e  m-th s t r u c t u r a l  component 
can n o t  be  modif ied.  
(b) R e s t r i c t i o n s  on t h e  Decis ion Var iab les .  
( c )  Budgetary Cons t r a in t s .  
where BGT r e p r e s e n t s  t h e  budget  a v a i l a b l e  a t  t h e  beginning of p lann ing  sub- t 
- 
p e r i o d  t t o  meet t h e  c o n s t r u c t i o n  and l and  a c q u i s i t i o n  c o s t s  C(D t ) .  
t '  
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(d) S ta te -Trans format ion  Func t ion .  
- - - - - 
- St - Tt(St-l,Dt) = St-l + Dt 
o r  e q u i v a l e n t l y  i n  expanded form, 
S - 
m , t  S m , t - l + D m , t ;  m = 1 , 2 ,  ..., 6 ;  t = 1 , 2 ,  ..., T (4-33) 
where a l l  terms have been d e f i n e d  b e f o r e .  
C. S o l u t i o n  by DDDP. ( a )  I n i t i a l  T r i a l  T r a j e c t o r y .  For t h i s  
example on p lann ing  w a t e r  r e s o u r c e s  sys tems ,  t h e  i n i t i a l  t r i a l  t r a j e c t o r y  
cor responds  t o  one of t h e  many a l t e r n a t i v e s  on p lann ing ;  namely, t h e  do- 
n o t h i n g  a l t e r n a t i v e s .  Th i s  p a r t i c u l a r  t r a j e c t o r y  is as v a l i d  and as good 
as any o t h e r  a r b i t r a r i l y  chosen,  as was confirmed by u s i n g  d i f f e r e n t  i n i t i a l  
t r i a l  t r a j e c t o r i e s .  
(b) C o r r i d o r s .  With 3  computation c y c l e s ,  each a l l o w i n g  a 
maximum of  10 i t e r a t i o n s ,  t h e  DDDP procedure  i n c o r p o r a t e s  3-valued c o r r i d o r s  
f o r  each s t a t e  v a r i a b l e .  The c o r r i d o r  w i d t h s  used i n  t h e  p rocedure ,  which 
a r e  independent  of t h e  s t a g e  v a r i a b l e  t i n  t h i s  c a s e ,  a r e  a s  f o l l o w s :  
Cor r idor  Widths (Aqm t; m = 1, 2 ,  ..., 6)  
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Computation R e s e r v o i r  Levee 3  Levee 4 Land f o r  Land f o r  Land f o r  
Cycle Capaci ty  E l e v a t i o n  E l e v a t i o n  R e s e r v o i r s  Levee 3  Levee 4 
The q u a n t i z e d  v a l u e s  f o r  each s t a t e  v a r i a b l e  i n  t h e  DP f o r m u l a t i o n  
a r e  g iven  i n  Table 10 .  
Table  10. Quant ized Values of t h e  S t a t e  V a r i a b l e s  
i n  t h e  DP Formulat ion 
Order R e s e r v o i r  E l e v a t i o n  E l e v a t i o n  Land f o r  Con- Land f o r  Con- Land f o r  Con- 
Capac i ty  of Levee 3 of Levee 4 s t r u c t i o n  of s t r u c t i o n  of s t r u c t i o n  of 
(ac-f t )  ( f t  above ( f t  above D e t e n t i o n  R e s -  Levee 3 ( a c )  Levee 4 ( a c )  
m s  1 )  msl)  e r v o i r  ( a c )  
( c )  Convergence T e s t s .  I n  t h i s  example, t h e  fo l lowing  conver- 
gence paramete rs  a r e  used: E = 0.10 and X = 0.001. 
(d )  R e s u l t s .  Optimal expans ions  of t h e  s t r u c t u r a l  components of 
t h e  f l o o d  c o n t r o l  p r o j e c t ,  a s  i d e n t i f i e d  by t h e  DDDP procedure ,  can b e  
o b t a i n e d  f o r  a  number of budge ta ry  and i n s t i t u t i o n a l  c o n s t r a i n t s ,  f o r  
v a r i o u s  v a l u e s  of t h e  r a t e  of d i s c o u n t ,  and f o r  v a r i o u s  v a l u e s  o f  t h e  rate 
of land-value  d i f f e r e n t i a l  i n f l a t i o n .  Thus, t h e  DDDP a n a l y s i s  makes i t  
p o s s i b l e  t h e  i n v e s t i g a t i o n  of t h e  s e n s i t i v i t y  of t h e  expansion of t h e  p r o j e c t  
i n  response  t o  changes i n  economic f a c t o r s  f o r  which i t  might  n o t  b e  f e a s i b l e  
t o  a s s i g n  s p e c i f i c  v a l u e s  a t  t h e  t ime t h e  a n a l y s i s  i s  made. Here on ly  
r e s u l t s  f o r  v a r i o u s  budge ta ry  c o n s t r a i n t s  a r e  p r e s e n t e d .  F u r t h e r  r e s u l t s  
a r e  p r e s e n t e d  e l sewhere  [Cor tes  , 19 731 . 
Throughout t h e  s e n s i t i v i t y  a n a l y s i s  f o r  t h e  budge ta ry  c o n s t r a i n t s ,  
o t h e r  f a c t o r s  a r e  assumed and k e p t  i n v a r i a b l e  as follows' :  r = 5 .5  p e r c e n t  
p e r  y e a r ;  r = 3.3 p e r c e n t  p e r  y e a r ;  d  Apm= 1; m =  1, 2 ,  ..., 6 .  
F ig .  22 shows t h e  op t imal  expansion of t h e  s t r u c t u r a l  e lements  
o f  t h e  p r o j e c t  under t h e  fo l lowing  budge ta ry  c o n s t r a i n t s :  
A. BGT uncons t ra ined ;  t = 1, 2,  . .. , T 
t 
B. BGT = $12,000,000; t = 1, 2,  . . . , T 
t 
C. BGTt = $5,000,000; t = 1, 2,  ..., T 
For case  A, t h e  o p t i m a l  s o l u t i o n  c o n s i s t s  of i n s t a l l i n g ,  a t  t h e  
beg inn ing  o f  t h e  p lann ing  p e r i o d ,  t h e  d e t e n t i o n  r e s e r v o i r  w i t h  a  c a p a c i t y  
of 60,000 a c r e  f e e t  a t  t h e  s p i l l w a y  c r e s t  l e v e l  (339,271 a c r e - f e e t  of t o t a l  
s t o r a g e  c a p a c i t y ) ,  l e v e e  3  w i t h  an e l e v a t i o n  of 475.0 f t  above m s l ,  and 
l e v e e  4  w i t h  an e l e v a t i o n  of 4440 f t  above m s l .  No m o d i f i c a t i o n s  shou ld  
b e  made t o  t h e  s t r u c t u r a l  components th roughout  t h e  p lann ing  p e r i o d .  With 
a  reduc t ion  i n  t h e  budget a v a i l a b l e  (Case B ) ,  t h e  cons t ruc t ion  of t h e  deten- 
t i o n  r e s e r v o i r  i s  no longer  a  p a r t  of t h e  op t imal  expansion, and t h e  con- 
s t r u c t i o n  of t he  levees  should be c a r r i e d  ou t  by s t a g e s .  The f i n a l  e leva-  
t i o n  of l evee  4 i s  l a r g e r  than i t s  f i n a l  e l e v a t i o n  f o r  t h e  case  of un- 
cons t r a i n e d  budget . Fur ther  reduc t ion  i n  t h e  budget a v a i l a b l e  (Case C) 
r e s u l t s  i n  the  cons t ruc t ion  of l evee  3 i n  one s t a g e  and t h e  de lay  of t h e  
cons t ruc t ion  and s t a g i n g  of levee  4.  The f i n a l  e l e v a t i o n s  of t h e  levees  
remain una l t e r ed  by t h e  reduc t ion  i n  t he  a v a i l a b l e  budget  from Case B t o  
Case C .  
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